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Abstract 

In this paper, we study the moduli spaces of noncoUapsed Ricci flow solutions 
with bounded energy and scalar curvature. We show a weak compactness theorem for 
such moduli spaces and apply it to study isoperimetric constant control, Kahler Ricci 
flow and moduli space of gradient shrinking solitons. 



Contents 

1 Introduction 

2 Preliminaries 

2.1 Setup of Notations 

2.2 Ricci Flow d 

2.3 Ricci Flat Spaces 



3 Refined Sequences [10 



3.1 Refined, E-refined and EV-refined Sequences [iC 



3.2 Deepest Bubble Structure Il4 



3.3 Basic Properties of EV-refined Sequences [16 



3.4 Every Refined Sequence is an EV-refined Sequence [34 



3.5 Neck Structure and Isoperimetric Constant [38 



4 Space of Ricci Flows |46 



4.1 Basic Properties of the Moduh Spaces |47 



4.2 Weak Compactness of Kahler Ricci Flow on Fano Surfaces |48 



4.3 Weak Compactness of Gradient Shrinking Solitons |5C 



Appendices [53 



*Partially supported by a NSF grant. 



1 



A Estimates of Diameters by Volumes 



53 



B Estimates on Euclidean Annulus 55 



1 Introduction 



In CWal |. we study the Calabi conjecture on Fano manifolds via the Kahler Ricci flow. 
This leads inevitably to the study of sequential limits of the Kahler Ricci flow solutions 
o yer tini e intervals [ti — l,ti + 1] as oo. The renown Hamilton-Tian conjecture 

states that any such sequence must converge in Cheeger-Gromov topology to 
some Kahler Ricci soliton with mild singularities and the codimensions of the singularities 
are at least four. In this paper, we begin a systematic study of the moduli space of Ricci 
flow solutions over time interval [—1,1] with some natural geometric constraints such as 
the volume ratio lower bound, the scalar curvature bound as well as certain integral bound 
on the Riemannian curvature of the evolving metrics. We prove a weak compactness the- 
orem (c.f. Theorem [T]) of this space of Ricci flows under these constraints. Restricting 
to Fano surfaces, this weak compactness theorem already verifies the Hamilton-Tian con- 
jecture on Fano surfaces (c.f. Theor em El) and it leads to a Ricci-flow-based proof of the 
Calabi conjecture on Fano surfaces ( [C Wal | ) . In the proofs of this paper, we often use sev- 
eral layers of nested contradiction arguments — a technique we learn from G. Perelman's 
seminal work of Pell ] (c.f. KL| for beautiful explanations of this technique). 



Let be a closed m-dimensional Riemannian manifold, {{X^ , g{t)), —1 < t < 1} be 
a spacetime satisfying the following conditions. 



• §ig{t) = —RiCg^t-) + cog{t) where cq is a constant satisfying < cq < c. 

• sup \R\g^t) < 
Xx[-l,l] 

Volg(t)(S (i)(a;,r)) ^ ^ ^ r i n ^ /n n 

• — m - ^ all X e X, t £ [-1, 1], r £ (0, IJ. 

m 

• fx \R'^\g\t)d^^git) < E for all t G [-1, 1]. 

We denote the moduli space of such {{X"^ , g(t)), — 1 < t < 1} as ^(m, c, cr, k, E). It is in 
fact very natural f or us to consider this moduli space. By virtue of Perelman's fundamen- 
tal estimates (c.f. SeT| ). for Kahler Ricci flow solutions on Fano manifolds, all the above 



constraints hold except the last one. If the underlying manifold is a Fano surface, then all 
these conditions are satisfied a priori. 

Theorem 1. If {{Xi,Xi,gi{t)),—l < i < 1} € ^{m,c, a, k, E) for every i, by passing to 
subsequence, we have 

{Xi,Xi,gi{0)) — > {X,x,g) 
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for some -orbifold X in Cheeger-Gromov sense. If m is odd, then X is a smooth 
manifold. 



This is very reminiscent of the structure of the moduh space of Einstein metrics with 
similar constraints. It is appropriate for us to comment now on some historic background 
in this subject. The rnoduli s pace o f Einstei n met rics wer e well understood in early 1990s 
through the work of An89l |. An9d |. |bKN | and Tian9C | . They showed that a sequence 
of noncollapsed Einstein manifolds (X^^ , Xi, gi) with bounded scalar curvature and en- 
ergy (Riemannian curvature's L'2"-norm) will subconverge to an Einstein orbifold in the 
Cheeger-Gromov sense. These works are fundamental and they were followed by many 
other papers in th e follo wing two deca des. Of co urse, t h ey are natu ral ex tension of earlier 



works of Cheeger jChel | and Gromov [Gro 



In [TV1| . [TV2I | and |TV.'^ . Tian and Via- 
clovsky studied the moduli space of a class of critical metrics, e.g., Bach-flat metrics, con- 
stant scalar curvature Kahler metrics, etc. One of the major difficulties there is to obtain 
the local volume ratio upper bound without Ricci curvature control. T ian an d Viaclo vsky 
obtained this estimate by blowup arguments. The work of Anderson's [AnOSi ] . 
elaborated on this theme. Using similar idea but more complicated estimates, in 



AnnfiH als o 



the first named author and BrianWeber showed that the moduli spaces of extremal met- 
rics fimthe sense of Calabi, c.f. Ca82l |) under similar conditions are also weakly compact. 
In [Ban9nl |. Bando studied the "bubble tree" structure of the moduli space of Einstein 
metrics, wh ere ev ery "b ubble" means a limit Einstein orbifold. This study was general- 
CQY| |. where the bubble tree structure of more general moduli spaces 



ized in |Ad | and 
were studied. 



In order to obtain Theorem[Tl we need two essential estimates: local volume ratio upper 
bound and e-regularity, i.e., 

f — 2 

sup iV'^i^mlp^+fc < Ck{ / \R^^\a(o)}^ 

m 

whenever fn , n \Rm\ < e. In the case of Einstein metrics, local volume ratio 

''-Bg(0)(P-P) ' '9(0) ' 

upper bound is an application of Bishop's volume comparison theorem, e-regularity is 
implied by elliptic Moser iteration for curvature operator since it satisfies a second order 
elliptic equation. If we replace Einstein metrics by some other metrics whose curvature 
operators satisfy some second order elliptic equations, by similar method, e-regularity 
is still manageable. Now in our case, the curvature operator only satisfies a parabolic 
equation. It's hard to use parabolic Moser iteration to prove e-regularity property here. 
The difficulties come from two aspects. First, in order to control |i?m|'s L°°-norm by 

m 

parabolic Moser iteration, one requires more than L^-norm of \Rm\ in a fixed geodesic 
ball. One needs either L^-norm (p > y) control of \Rm\ in a fixed geodesic ball, or Lt+^- 
norm control of \Rm\ in a ball of spacetime. Neither of them is a natural condition in 
our setting. Second, even if we can apply parabolic Moser iteration, it's hard to control 
the local Sobolev constants. Note that the local Sobolev constant is determined by the 
geometry of each unit geodesic ball. However, the unit geodesic balls at different time 
slices are hard to compare since we don't have Ricci curvature bound. 
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The way we prove e-regularity is to separate it into two properties: 



• energy concentration: If |i?m|g(o)(p) = P ^ > then (o){:p -) 1-^"^! ^ > e for 
some uniform constant e. 

• backward pseudolocality: If sup^^^ |i?m|g(o) < P~'^, then |i?m|g(t)(x) < for 
some uniform constant 5 whenever dg(^i~^{x,p) < 6, —b'^fP' < t < 0. 

These two estimates together with Shi's estimates on Ricci flow solutions imply the e- 
regularity. So our object is to show that volume ratio upper bound, energy concentration 
and backward pseudolocality hold simultaneously for the metric (7(0). We'll setup these 
estimates by bubble analysis and contradiction arguments. Our contradictio n arg uments 
follow Perelman's proof of canonical neighborhood theorem (Theorem 12.1 of Pell |). This 



means that blowup and contradiction arguments will be used repeatedly even in one proof. 
Since the blowup arguments appear so many times, we find it is convenient to study a 
unique sequence of Ricci flow solutions blown up from the moduli space ^(m, c, a, k, E) 
first. We call such a sequence as a refined sequence. Note that volume ratio, energy and 
backward pseudolocality are all rescaling invariant, so it will be sufficient to prove these 
three estimates for a refined sequence. However, a refined sequence is strongly related to 
a sequence of Ricci flat manifolds, so the proof of such estimates is much easier. 



Actually, by this arrangement, the proof of every rescaling invariant property of the 
moduli space ^(m, c, a, k, E) can be reduced to the proof of this property on a single 
refined sequence. We believe this method is efficient and it works for every geometric fiow. 



Using Theorem[Tl we can build up the bubble tree for every sequence in ^(m, c, cr, k, E\ 
The only difficulty here is to understand the "neck" structure. This difficulty can be over- 
come by an application of a gap lemma (Lemma 12. 2p and blowup arguments with delicate 
choice of blowup scales. Note that isoperimetric constant is a rescaling invariant, as an 
application of the bubble tree, we can obtain the following estimate. 

Theorem 2. // {(X, (^(t)), — 1 < t < 1} G ^(m, c, a, k, £■) and diamg(o)(X) < D, then 

I((X,<7(0)))>. 

for some "positive constant i depending on m, c, cr, At, E and D. 



Actually, this estimate only depends on the bubble tree structure. So it can be general- 
ized to estimates on moduli spaces of other critical metrics without too much modification. 



Perelman (c.f. |SeT| ) proved that scalar curvature is uniformly bounded along Kahler 
Ricci flow {(M", (/(t)), < t < oo}( n is the complex dimension). If J"^ |i2m|"w" is uni- 
formly bounded, we can apply Theorem [T] to obtain weak compactness along K ahler Ricci 
flow. However, if n > 3 and \Rm\'^co^' is uniformly bounded, it is proved in RZZ| | that 
Riemannian curvature is actually uniformly bounded on Kahler Ricci flow. Therefore every 
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sequence {M,g{ti)) must subconverge to a smooth manifold {M,g). If n = 2, \Rm\'^ujf 
bounded is a natu ral condition. Actually, since J^jdRml"^ — R'^)uj^ is a topological in- 
variant (c.f. [CaSi]) 

and scalar curvature is uniformly bounded along the flow, we know 
|i2mpa;| is uniformly bounded. Applying Theorem [T] and Theorem[2]on 2-dimensional 
Kahler Ricci flow, we have 

Theorem 3. Suppose {{M, g{t)),0 < t < 00} is a Kdhler Ricci flow solution on Fano sur- 
face M. Then the isoperimetric constant I{M,g{t)) is uniformly bounded from below along 
this flow. Moreover, for every sequence ti — > 00, by passing to subsequence if necessary, 
we have 

{M,g,{t))^{M,g) 

where {M,g) is a C°°-orbifold satisfying Kdhler Ricci soliton equation. 

In order to improve the limit C°-orbifold M to be a C°°-orbifold, we use the fact that 
M satisfies Kahler Ricci soliton equation (c.f. Sel| ) and this improvement is a standard 



application of Ulenbeck's removing singularity technique. 



Remark 1. Incidently, Theorem\^ verifies Hamilton- Tian conjecture in the case of Fano 
surfaces. This might be viewed as a first step towards the under stand i ng of Hamilton- 
Tian conjecture in general dimension. In an unpublished work(c.f. \Sei^] . \F^ J). Tian has 
pointed out earlier the sequential convergence of the 2-dimensional Kdhler Ricci flow to 
Kdhler Ricci soliton orbifolds under the Gromov-Hausdorff topology. Under the extra con- 
dition that Ricci curvature is uniformly boun ded along the flow, same conclusion as Theo- 
rem [3 was proved by Natasa Sesum in tSei l. However, for our purpose of proving Calabi 
Conjecture on Fano surface by flow method, these convergence theorems are not sufficient 
(We need Cheeger-Gromov convergence without Ricci curvature bound condition). 

As every gradient shrinking soliton can be looked as a central time slice of a Ricci flow 
solution, we can apply Theorem [T] and Theorem [2] to obtain a compactness theorem of 
gradient shrinking solitons. 

Theorem 4. Suppose {X^^,gi) is a sequence of compact gradient shrinking solitons, every 
{Y^,g) m{(X^,<7^)},^l satisfies 



Ric + V2/ -g = Oforfe C^{Y). 
R<a. 

'^"'^^i.^'''^^ > K for every y €Y and r G (0, 1). 

/' I I — 

Y \Rm\ -2 djj. < E. 

Vol(y) < V. 
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Then by passing to subsequence if necessary, we have 



where {X"^,g) is a compact C°°-orbifold satisfying all the conditions listed above. If m is 
odd, then is a smooth manifold. 



Remark 2. This theorem can be regarded as a reorganization of the main theorem of \We] . 
which is the first weak compactness theorem of solitons without Ricci curvature bounded 
conditi on. With this R icci bounded condition, weak compactness theorems have been stud- 
ied in fc^] and ZhaJ. 



There are several new ingredients in this paper. First, we prove the energy concentra- 
tion without the direct use of Moser iteration on the flow. Instead, we find the relation 
between the energy concentration of Ricci flow and the energy concentration of Einstein 
metrics, which are the critical metrics of the Ricci flow. As the energy concentration of 
Einstein metrics is well known, we can use this relation to prove energy concentration 
property of the Ricci flow. This method should apply on general geometric flows. Second, 
we find the "backward pseudolocality" under special conditions. It means that a very 
nonflat part cannot become almost Euclidean in a short time under the flow. It will be 
interesting to see exactly what conditions can guarantee the happening of this "backward 
pseudolocality". Third, we can control the "neck" structure in bubbles without knowing 
precisely the order of curvature decaying around singularities. This gives us more freedom 
to build up the bubble tree. Fourth, we're able to control the isoperimetric constants 
by bubble tree analysis. Actually, after the bubble tree is established, the geometry at 
different levels of the bubble tree can be estimated by each other. Therefore every rescal- 
ing invariant geometry of the moduli space can be controlled by it's deepest bubble and 
"neck" structure. In particular, the isoperimetric constants can be controlled. 

The organization of this paper is as follows. In section 2, we describe some known re- 
sults important to us and set up some notations. In section 3, we define refined sequence 
and prove energy concentration, backward pseudolocality, volume ratio upper bound and 
weak compactness for refined sequence. Then in section 4, we apply these basic properties 
of refined sequence to show the main theorems in this paper. 



Remark 3. We will study space of Ricci flows with weaker constraints in subsequent 
papers. 

Acknowledgment Both authors would like to thank S.K.Donaldson and G.Tian for many 
insightful discussions and for their support. The second author would like to thank J. 
Cheeger, B. Chow, K. Grove, J. P. Bourguignon for their interests in this work. 
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2 Preliminaries 



2.1 Setup of Notations 

In this subsection, we fix our terminology to avoid confusion. 

Definition 2.1. A C°°{C'^)-orbifold {X™',g) is a topological space which is a smooth 
manifold with a smooth Riemannian metric away from finitely many singular points. At 
every singular point, X is locally diffeomorphic to a cone over S^~^ /T for some finite 
subgroup T C SO{m). Furthermore, at such a singular point, the metric is locally the 
quotient of a smooth (continuous) T-invariant metric on B"' under the orbifold group T. 

A {C^) -multifold {X,g) is a finite union of C°° {C^)-orbifolds after identifying finite 

N 

points. In other words, X = JJ^Xj/ ~ where every Xi is an orbifold, the relation ~ 

i=l 

N 

identifies finite points of Xi . 

i=l 

For simplicity, we say a space is an orbifold (multifold) if it is a -orbifold (C°°- 
multifold). 

Definition 2.2. Suppose {Xi,Xi,gi) is a sequence of pointed complete Riemannian man- 
ifold, {X,x,g) is a complete multifold. We denote 

{Xi,Xi,gi) — > iX,x,g) 

if {Xi,Xi,gi) converges to {X,x,g) in Gromov-Hausdorff topology and the convergence is 
smooth away from singularities of X. In other words, for every compact set K contained 
in the smooth part of X, there are diffeomorphisms (pi : K ^ C Xj such that 

(^*(7j — > g on K. We also call this convergence as convergence in Cheeger-Gromov sense. 
Similarly, we can define C'^''^' -convergence. 

Definition 2.3. For a compact Riemannian manifold X™ without boundary, we define 
its isoperimetric constant as 



I(X)4inf. 

n 



min{Vol(0),Vol(X\0)}- 



where runs over all domains with rectifiable boundaries in X, Area means the {m — 1)- 
dimensional volume. 

For a complete Riemannian manifold X"^ with boundary, we define its isoperimetric 
constant as 



I(X)Ainf^^^^^(^^) 



Vol(^^) — 

where Q runs over all domains with rectifiable boundaries in the interior of X. 
Similarly, we can define isoperimetric constant for an orbifold. 
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Definition 2.4. A geodesic ball B{p, p) is called K-noncollapsed if ^ — ^— > k when- 
ever B{q, s) C B{p, p). 

A Riemannian manifold X'"^ is called K-noncollapsed on scale r if every geodesic ball 
B{p, p) C X is K-noncollapsed whenever p <r. 

A Riemannian manifold X^ is called K-noncollapsed if it is K-noncollapsed on every 
scale r < diam(X'"). 

Definition 2.5. j-^ \Rm\^dp is called the energy of the Riemannian manifold {X"^,g). 

Definition 2.6. We denote uj{m) as the volume of the standard ball in M™. muj{m) is 
the "area" of the standard sphere in M™. 

2.2 Ricci Flow 



Perelman's improved peudolocality theorem (Theorem 10.3 in jPel |) is very important to 
our arguments. We list it below. 

Theorem 2.1 (Perelman's Improved Pseudolocality Theorem). There exist r], 6 > 
with the following property. Suppose gij{t) is a smooth solution to the Ricci flow 
on [0, (ryro)^], and assume that at t = we have \Rm\{x) < r^^ in B{xQ,rQ), and 
Vol -B(a;o, To) > (1 — 5)w(m)r™, where uj{m) is the volume of the unit ball in M*". Then 
the estimate \Rm\g(^t^{x) < (r/ro)~^ holds whenever <t < (r/ro)^, dg(^t){x,xo) < rjrQ. 

It is not hard to see that this theorem holds for a normalized Ricci flow solution 
%^ = —Rij + CQij when < c < 1. 



Using the same method as in Theorem 10.1 of Pell ], we can pick up "good" points 
under normalized Ricci flow. 

Lemma 2.1 (Perelman's Point-selecting Method). {{X"^ ,p, g{t)),t G / C M} is a 
parabolic normalized Ricci flow solution: 



dgij 
dt 



-Rij -\-cgij,c > 0. 



R satisfies 



\Rrn\g^tg){xo) > J- + V ^ dg^to){p,XQ) < i], < to < rj'^ < 1 



at some point (xo,to), then there is a point {q,s) such that the following properties hold. 
1. distance control: dg(^g^{p,q) < 2m^, < s < to- 



2. parabolic curvature control: sup |i?m| < 4|i?m|g(j,)(g). 

Bg(,)(g,^yi(3-i)x(s-i^Q-i,s] 



Here A,ri,S, are constants satisfying yl > 1, ^ < ^qq^^ and ?? — ^■ 
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2.3 Ricci Flat Spaces 

As co llectio ns of previous works about Einstein metrics in IbKNI ]. [An89l |. [An90l |. |Tian90l ]. |TV1| . 
' TV2t and [TV.-^ . we list the following results about Einstein metrics. 



Lemma 2.2 (Bando, [Ban90l |). There exists a constant = eaijn, k) such that the fol- 
lowing property holds. 

If X is a K-noncollapsed, Ricci-flat ALE orbifold, it has unique singularity and small 
energy, i.e., \Rm\^dfi < e^, then X is a flat cone. 

Lemma 2.3. Suppose B{p,p) is a smooth, Ricci-flat, n-noncollapsed geodesic ball and 
dB(p,p) 7^ 0. Then there is a small constant Cb = eb{m,K) such that 



sup \V^Rm\ < -§r{ f \Rm\fdfi} 
B{p,^) P^^" Jb(p,p) 



(1) 



whenever ^^i^p \Rm\ 2 dfi < e^. In particular, B{p,p) satisfies energy concentration prop- 
erty. In other words, if \Rm\{p) > then we have 



\Rm\ 2 dp > ei). 



Note that in this lemma, B{p,p) can be a smooth Ricci-flat geodesic ball in any space, 
it needn't to be a geodesic ball in a smooth manifold. The hard part is to obtain a local 
Sobolev constant cont ro l whe n ene rgy is small. This control can be obtained by blowup 
arguments as in [TV1| . |TV2t and [tvJ. UB{p,p) is a smooth geodesic ball in a Ricci- 
flat manifold, then it's local Sobolev constant is easy to obtain and this lemma becomes 
trivial. 



Theorem 2.2 (|a^, |BKN| |. [Tian90l ]^. (Xf ,Xi,gi) is a sequence of pointed Ricci-flat 
Riemannian manifolds with bounded energy. For every r > 0, {Xi,gi) is n-noncollapsed 
on this scale for large i. Moreover, the Einstein constants is tending to zero. Then by 
passing to subsequence if necessary, we have 



{Xr,x„gi)^{X"',x,g) 

where {X,g) is a K-noncollapsed, Ricci-flat ALE orbifold. 
Euclidean space. 



If m is odd, then {X, g) is 



This theorem is the starting point of this whole paper. Every such sequence can be 
looked as a blown up sequence from Einstein metrics with bounded Einstein constants. As 
Einstein manifolds can be looked as static solutions of normalized Ricci flows, a natural 
generalization of Theorem 12.21 is the weak compactness of "almost Ricci-flat" Ricci flow 
solutions. But the delicate thing is how to define precisely a sequence of flows as an 
"almost Ricci-flat" flow sequence. If we require the Ricci curvature norm tends to zero. 



9 



Then ther e will be no essential new difficulty coming out. The proof follows almost directly 
from |Ad |. Moreover, the Ricci bound condition seems to be too strong. It restricts the 
application of such a theorem. So an interesting theorem should be a theorem dealing 
with weaker curvature conditions. Note that every scalar flat Ricci flow solution must be 
a Ricci-flat Ricci flow solution. It's natural to expect that scalar curvature tends zero is 
a good candidate for "almost Ricci-flat" condition. Actually, it is the case. Under similar 
technical conditions, we can prove the convergence of such Ricci flow solution sequence. 
We call such a sequence as a refined sequence. Its precise definition will be given in 
Definition 13.11 



3 Refined Sequences 

In order to prove the weak compactness of K-noncollapsed Ricci flows with bounded scalar 
curvature and bounded energy, we use blowup arguments. In every blowup sequence, scalar 
curvature must tend to zero. We find that it is convenient to study the properties of such 
sequences first. We're able to show that such blowup sequence has weak compactness. 
The idea of the proof originates from the proof of Theorem 12.21 

3.1 Refined, E-refined and EV-refined Sequences 

A refined sequence is a sequence of Ricci flow solutions blown up from noncollapsed Ricci 
flow solutions with bounded energy and bounded scalar curvature. 

Definition 3.1. Let {{Xf^ , gi{t)), —1 < t < 1} be a sequence of Ricci flows on closed 
manifolds X"^ . It is called a refined sequence if the following properties are satisfied for 
every i. 

d 

1- w:9i = -Ricg. + CiQi and lim a = 0. 

Ot j-+oo 

2. Scalar curvature norm tends to zero: 

lim sup \R\gjt){x) = 0. 
(x,t)eXix[~i,i] 

3. For every r, there exists N{r) such that {Xi,gi{t)) is K-noncollapsed on scale r for 
every t G [—1,1] whenever i > N{r). 

4- Energy uniformly bounded by E: 




Vt G [-1,1]. 



We also call a pointed spacetime sequence {(Xj, Xj, gi{t)), —1 < t < 1} a refined sequence 
if {{Xi, gi(t)), —l<t<l}isa refined sequence. 
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Note that in a refined sequence, Volg.(Q){Xi) is tending to infinity. 
If m is odd, then the structure of refined sequence is very simple. 

Theorem 3.1 (Odd-dimensional refined sequence is trivial). Suppose m is odd and 
{(X™, (5rj(t)), — 1 < t < 1} is a refined sequence, then we have 

lim sup \Rm\g.(^i^{x) = 0. 

Proof. We first show that there is a constant C depending on this sequence such that 

sup \Rm\g^(^t)ix) <C, V i. 

Otherwise, by passing to subsequence if necessary, we have sequence {xi,ti) £ Xi x [—^,0] 
such that lim \Rm\g.(^f.){xi) = oo. 

Claim. There are points {yi,Si) £ Xi x [—^,0] such that lim \Rm\g.(^g.-^{yi) = oo. More- 
over, {yi,Si) satisfies curvature control, i.e., 

_i 

\Rm\g^{t){x) < 2|i?m|g^(^.)(?/i), M X £ Xi, t £[si- \Rm\g^'l^^^^{yi), Si]. 

Check if \Rm\g.(i.-^{xi) satisfies curvature control. If so, we let {yi,Si) = {xi,ti) and 
stop. Otherwise, we can find € \ti — \Rm\^'^^_^ -^{xi) ,ti\ whose curvature norm is 

bigger than 2\Rm\g.(^i.-^{xi). Then check if {xf\tf'^) satisfies curvature control. If so, we 
let {yi,Si) = {x^^\tf'^). Otherwise, we continue our point selecting process. 

After each step, the Riemannian curvature norm of the base point doubles. So all the 

_ i_ 

steps are processed in the compact region Xi x [ti — 2\Rm\^^^^{xi),ti] C XiX [—^,0] which 
has bounded geometry. Clearly, this process must stop in finite times. We define {yi,Si) 
to be the base point of the last step. This finishes the proof of Claim. 

Let gi{t) = Qigi{Q~^t + Sj), where Qi = \Rm\g^i^s,){yi)- So {{Xi,yi,gi{t)), -1 < t < 1} 
is a refined sequence satisfying 

\Rm\g.(^^{x) < 2, V X e Xj, -1 < t < 0. 

By the compactness of Ricci flow solutions, {{Xi,yi, gi{t)), —1 < t < 0} will smoothly 
converge to a Ricci flow solution {{X ,y,g{t)),—l < t < 0}. Clearly, it is a scalar-flat 
Ricci flow solution. Therefore it is Ricci-fiat by maximal principal. On the other hand, 
the energy of X comes from the energy of X^. So Fatou's lemma tells us that 

J__ \Rm\-^^^^d^ig^o) < .hm j^^ \Rm\-]^^^d^ig^^o) < /j^m J^^ \Rm\^'^^^^^dfig^^,^) < E. 
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Therefore, {X,g(0)) is a Ricci-flat manifo ld wit h b ounded energy. Moreover, it is 



noncollapsed on all scales. It follows from |An89l | or [BK]N| that {X,g{0)) is a Ricci flat 



ALE manifold. However, such a manifold must be Euclidean space if m is odd. Therefore, 
we have 



1 = .lij^ \Rrn\g^{o){yi) = \Rrn\g^Q){y) = 0. 
Contradiction! Therefore, there must be a constant C such that 

sup \Rm\g^(_t){x) < C, y i. 



Let {zi,6i) be the point in Xi x [—§,0] with largest curvature norm. As Rieman- 
nian curvature is uniformly bounded on Xi x [— 1,0], we can assume that (Xi, Zi, gi{9i)) 
smoothly converges to a complete manifold {Xqo, Zqo, 5oo)- As argued before, X^o is an odd 
dimensional Ricci flat ALE space. Therefore, X^o is a Euclidean space. Then it follows 
that 

lim sup \Rm\g^^t){x) = lim \Rm\g^(^0^'j{zi) = \Rm\g^{zoo) = 0. 



□ 



Because of this simplicity, we're only interested in refined sequences of even dimen- 
sion. When m is even, the phenomena are much more complicated. As the in the proof 
of Theorem 13.11 we can use blowup arguments to see what happens at the points with 
global maximal Riemannian curvature norm. The blowup limit will be a K-noncollapsed, 
Ricci-flat ALE manifold. Some nontrivial examples do exist when m is even. So no contra- 
diction can be obtained if Riemannian curvature is not uniformly bounded in the central 
time periods. Actually, if we construct a refined sequence by letting every solution be 
a static Ricci flow soluiton, i.e., Einstein manifold, we see that it is really possible that 
Riemannian curvature is not uniformly bounded. However, about these global maximal 
points, we can still draw some conclusion. They must satisfy the energy concentration 
property, the volume ratio of every geodesic ball centered at these points is bounded from 
above whenever the radius is comparable to \Rm\~2 of these base points. It's natural 
to hope that both these two properties hold for all high curvature points in a refined se- 
quence, not only for the points with global maximal Riemannian curvature. But there is 
an obvious difficulty to prove this directly: we don't have Harnack inequality for Rieman- 
nian curvature. It is possible that Riemannian curvature tends to infinitely large during 
infinitely small distance. When this happens, the base points will be absorbed by singu- 
larities even we can take limit. So no contradiction can be obtained then. Needless to say 
that we don't know whether we can take limit now. In order to overcome this difficulty, we 
first study EV-iefined sequences, which is a "special" refined sequence where weak limit 
can be taken. For EV-ieiined sequences, we find the two properties (volume ratio bound 
and energy concentration) can be proved even if the limit space contains singularities. 
After we obtain these two properties, we return to study how "special" the E'y-refined 
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sequences are. It turns out that they are not special at all, every refined sequence is an 
EV-reHned sequence. Therefore, every refined sequence satisfies energy concentration and 
volume ratio bound condition, and weak limit exists for every refined sequence. 

In order to define EV-rehned sequence, we first need to fix some universal constants. 
From now on, v^e fix the constants k, E. Moreover, define 

e = min{ea,eb} 

where and are constants in Lemma 12.21 and Lemma 12.31 We also fix con- 
stant Nq = [f J. 

Definition 3.2. A refined sequence {{Xi,gi{t)),—\ < t < 1} is called an E-refined se- 
quence if there exists a constant H such that 

f m. 

JBi.,\RmQl^i.)) 

whenever {x,t) G x [—^,0] and \Rm\g.(^^-j{x) > H. 

We also call a pointed normalized Ricci flow sequence {{Xi, Xi, gi{t)), —1 < t < 1} an 
E-refined sequence if {{Xi, gi{t)), —1 < t < 1} is an E-refined sequence. 

In short, an E-refined sequence is a refined sequence whose center-part-solutions satisfy 
energy concentration property. 

Definition 3.3. An E-refined sequence {{Xi, gi{t)), —1 < t < 1} is called an EV-refined 
sequence if there is a constant K such that 

^''\i{t)Bg,it){x,r) 

for every i and {x,t) € x [— j, 0], r € (0, 1]. 

We also call a pointed normalized Ricci flow sequence {{Xi,Xi,gi{t)),—l <t<l}an 
EV-refined sequence if {{Xi, gi{t)), —1 < t < 1} is an EV-refined sequence. 

In short, an EV-refined sequence is an E-refined sequence whose center-part-solutions 
have bounded volume ratios (from both sides). 

Since volume ratio, energy are scaling invariants, an easy observation implies the fol- 
lowing property. 

Proposition 3.1. If {{Xi, gi{t)), —1 < t < 1} is a refined sequence, Xi > 2, G [— ^,0], 
then {{Xi, Xigi{X~^t + tj)), —1 < t < 1} is a new refined sequence. 

If {{Xi, gi{t)), —1 < t < 1} is an E-refined sequence, Xi > 2, ti £ then 
{{Xi, Xigi{XY^t + ti)), —1 < t < 1} is a new E-refined sequence. 

If {{Xi, gi{t)), —1 < t < 1} is an EV-refined sequence, Xi > 2, G [~|)0]j then 
{{Xi, Xigi{XY^t + ti)), —l<t<l}isa new EV-refined sequence. 
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In short, blowing up a (E-, EV-)refined sequence generates a new (E-, EV-)refined se- 
quence. 



3.2 Deepest Bubble Structure 

If we blow up a refined sequence at maximal curvature points, we can obtain some Ricci-flat 
manifold with bounded energy. Such manifolds are well understood. 

Lemma 3.1. There exists a large constant pi, = pbim, E, k) satisfying the following prop- 
erty. 

If K^"^, X, g{t)), — iQQQ^ < t < 0} is a compact spacetime satisfying 
d 

1. Q^di^) — ~-^'^'^g{t) + C5(i) where c is a constant, 

1,1, , I 1 

^- |c| < — and sup \R\ < —, 

Pb Xx[--f;;i;— ,0] Pb 

L 1000m ' J 

m 

3- Ix \R^\git)dPg{t) <E, Vt G [-Totk'O]- 

Vol,(.)(B,(.)fa,r)) ^ ^ allyeX,tG [-lock' 0], r G (0, 1]. 

5. \Rm\g^o){x) = 1, \Rm\g < 4 in Bg(^o){x, pb) x [- ^^^^^^ ,0], 

then there exists an r ^ (0, ^Pb) such that property Jltfdefined below) is satisfied. 

• Bg(^Q'j{x,r) is diffeomorphic to a nontrivial Ricci-flat ALE space. 

• i?g(o)(^) 2r)\i?g(-Q) (x, r) is diffeomorphic to S'^~^ /T x [1,2) for some SO{m)'s non- 
trivial finite subgroup T. 

Vol3(0) S (o)(x,r) 2 

, aw yw ^ -uj(m). 

Proof. Suppose this result is wrong, then there is a sequence of — > cxd and spacetime 
{{Xi,Xi,gi{t)), — iQQQ^ < t < 0} satisfying the five conditions. However, for every r G 
(0, \pi), property J|k fails. 

As /3i ^ oo, using K-noncollapsing condition and Shi's estimates, we can take the 
smooth limit 

{{XY',x,,gAt)), i — < t < 0} ^ {iX,x,g{t)), ^ — < t < 0}. 

I , t,yt\jj, 2000m- " ^ ' 2000m- " ^ 



The limit solution satisfies 
d_ 

^^g{t) - - ...^g^,, ..g^,, _ . _ , 2^^^^ 



^ g{t) = -Ricg^t) = 0; Rgit) = 0, V t G [-T^H?^, 0]. 
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The evolution equation of scalar curvature is 



d 1 !2L 

-Rg = -ARg + \Ric\g' 



This indicates that g{t) is actually a Ricci-flat solution. Moreover, Fatou's lemma tells us 

f m 

Therefo r e (X, g (0)) is a nonfi at Ricci-flat manifold with bounded energy. As argued in 
" An89t . [BKNI ] and |Tian9nl |. we see (X, (7(0)) is an Asymptotically Locally Euclidean 



space (ALE) with one end at infinity. Blowing down this ALE, we obtain a fiat cone over 
g'm-i jY where L is a finite subgroup of SO{m). F must be nontrivial. Otherwise we have 

Vol(i?(x,p)) oj{m) 

lim = = oj[rn). 

p— >oo F 

Then Bishop volume comparison theorem implies that every geodesic ball in X has Eu- 
clidean volume growth rate. This means X is actually flat and \Rm\{x) = 0. This is 
impossible since \Rm\{x) = lim \Rm\„iQ\{xi) = 1. 

i— »oo 

As (X, 51(0)) is a nontrivial ALE, we can choose large such that i?g(Q)(x,ro) is dif- 
feomorphic to {X,g{{))) and B{x,2r)\B{x,r) is diffeomorphic to S'™~^/F x [1,2) for a 
nontrivial F. Furthermore, since |F| > 2, we can make tq big enough such that 

Vol(i?(x,ro)) ^2 
'0 -J 

As {X, , Xj, (7j(0)) converges to (X, x, 5(0)) i^i smooth topology, for large i, we know property 
^ hold for tq. Notice that tq G (0, ^pj) for large i. This contradicts to our assumption! □ 

Definition 3.4. If the refined sequence {{Xi, gi{t)), —1 < t < 1} has energy bound E and 
volume ratio lower hound k, we call pi, = pi,(m, E, k) as the base radius of this refined 
sequence . 

Lemma 13.11 can be used to control the geometric property of local maximal curvature 
points in a refined sequence. 

Corollary 3.1. Let {{Xf^,Xi,gi{t)), —1 < t < 1} be a refined sequence satisfying 

\R'nT'\g^io)ixi) = 1, \Rm\g^ < 4 inBg^(^o){xi,pb) x [- ^^^^^^ ,0], 
where ph is the base radius of this sequence. Then for large i, we have 

(f )- ^ A^^ >■ 
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Proof. Otherwise, we can extract a subsequence as a refined sequence violating the volume 
ratio control. Still denoting this refined sequence as {(X™, rrj, —l<t< 1}, we have 

(f )'» - A^^^ 

By Lemma l3.H we can choose rj S (0, ^) such that 

Take limit, we have 

{Bg^(0)iXi, y),Xi,ffi(0)} ^ y),X,5r}, 

where Bg{x, ^) is a smooth Ricci-flat geodesic ball. Let — > Too- By the smoothness of 
Bg{x,^), we have < r^o < Bishop volume comparison theorem implies that 

-uj[m) < -T— — - — < ; ^ < -mim). 

Contradiction! □ 



3.3 Basic Properties of EV-refined Sequences 

In order to study refined sequence, we start from EV-refined sequence. Roughly speaking, 
it is refined sequence with volume ratio upper bound and energy concentration conditions. 
These extra conditions are important to obtain the weak compactness theorems. 

Lemma 3.2 (Weak Compactness of an EV-refined Sequence in C^'^-topology). 

Suppose {{Xi,Xi, gi{t)), —1 < t < 1} is an EV-refined sequence, ti S [— 1,0]. Then 
{Xi, Xi, gi{ti)) converges to a Ricci-flat multifold {X,x,g) in Gromov-HausdorjJ topology. 

L 

Furthermore, there are L{< Nq) points p^,--- ,p^ € X such that X\{\^ p'^} is smooth 

s=l 

and the convergence is in C^''^ -topology away from {p'^}^^^ for any 7 E (0, 1). For brevity, 
we denote this convergence as {Xi, Xi, gi{ti)) {X,x,g). 
The limit multifold {X, g) satisfies the following estimates 

• For every point < s < L), the number of cone-like ends at p'^ is bounded by 
^.e.,rank{H^iX,X\{p^}))<'-^. 

m 

In particular, {X,g) is a K-noncollapsed, Ricci-flat ALE multifold. 
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Proof. Without loss of generality, we can assume U = 0. 

Since total energy is bounded by E and at least e energy concentrated around any 
point with |i?mjg.(o) > H, we can find L(< Nq) small geodesic balls {Bg.(^Q-^{yl^\2r)}^^^ 
such that |-Rm|g,(o) < r"^ outside these geodesic balls. This means that for every point 

L 

^ £ -'^A(IJ Bg.(^Q){y^'"\3r)), the geodesic baU Bg^^Q){x,r) has \Rm\g^^Q) upper bound r'^. 

v=l 

Using Perelman's pseudolocality theorem (Theorem 12. ip . we are able to get a rough Rie- 
mannian curvature control F (r, k) at point x for a short time period ~I(r, k). For brevity, 
we denote 



"3.(0) U 

i'=l 

So we have 



|ii;m|g.(t)(3;) < F{r,K), V (x.f) € X^,,. x [0,"I(r,K)]. 

Note that Volg.(o)(^i) > k/?™" for every /) and large i. So the local volume ratio upper 
bound forces that lim diam„.ro)(Xj) = oo. Therefore Xi^r is nonempty when r very small. 

i— >c« I ^ I 1 ' 

By Shi's local estimate ( Shil[, Shi2l |). we are able to take smooth limit 

{Xi^r,Xi,gi{t)) {Xoo,r,Xoo,r,goo,r{t)), Vt G (0, "l(r, k)] . 

However, at time t = 0, we only have weaker convergence 

(^j,r 5 , (7i (0) ) > (^oo,r) ^oo,r) ffoOjrlO)). 

Although this weak convergence cannot conclude too much directly about the limit mani- 
fold (^oo.r, ffoo,r(0)), the Ricci flatness of the limit solution in time period (0, ~l(r, k)] comes 
to rescue us. The Ricci flatness tells us that metric tensor does not change in time pe- 
riod (0, "l(r, k)]. The apriori Riemannian curvature norm bound r{r,K) assures the limit 
metric tensor changes continuously at time t = 0. Therefore, {Xoo^r, Xoo,r, goo,r{0)) are the 
same as iXoo,r,Xoo,r, goo,rit)) for every t G (0,"l(r, k)]. In particular, (Xoo,r, a;oo,r, 9oo,r(0)) 
is Ricci-flat. 

Now for each r we obtain a Ricci-flat manifold (^oo,r5 5oo,r(0)). Further more, if ri > 
r2, {X cxD,ru 5cxD,ri (0)) Can be naturally looked as a sub-metric-space of (^cjo,r2 1 9oo,r2 (0)). 



oo 



Diagonal sequence argument gives us a limit space Xoofl = |^^oo,2-'- Local volume 

1=1 

ratio upper boundedness of {Xi,gi{0)) assures that Xoofl can be compactifled by adding 
L{< N(j) points p^,--- ,p^. We denote the pointed compactiflcation space as {X,x,g). 
Therefore, diagonal sequence argument implies 

{Xi,Xi,gi{0)) {X,x,g), 
where (-'^,5') is smooth and has flat Ricci curvature away from {p^, ■ ■ ■ ,p^}. 
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Claim. (X, g) is a multifold. 



First we prove every singular point has only finite ends. Let p be a singular point on X, 
A be the number of ends at point p, i.e., A = rank{H^{X, X\{p})). Choose 5 very small 
and denote Ei{6), • • • , E/^{6) be all the components of B{p, 6)\{p}. Choose qi{l < I < A) 
in Ei{6) such that d{p,qi) = |. Clearly, Ei{6) D B{qi, |). Therefore, volume ratio control 
implies 

A A J- 

KS"' > Yol{Bip,6)) = Y.'^omid)) > Y,^ol{B{qi, -)) > Ak(-)™ 

1=1 1=1 

It follows that A < 

Then we show every end around a singular point is an orbifold end. Since Yol{Ei{6)) < 
K6 and Jy \Rm\^dfi < E, we have lim / \Rm\ 2 dfi = 0. Suppose q G Ei[6) and 
d{q,p) = s. Lemma fl^ implies 

\V''Rm\{q){^f+^ <Ck f \Rm\fdfi^O, as s ^ 0. 

2 JBiq,s) 

T his mean s the tangent space of Ei{5) U {p} at the point p is a flat cone. As argued 



m 



Tian90(], Ei{5)U{p} is a C'^-orbifold. Therefore the local Sobolev constant of Ei{6)[J{p} 
is very close to the Euclidean Sobolev constant when 5 very small. In particular, the local 
Sobolev constant of Ei{6)U{p} is bounded. Recall that Ei{6) is Ricci-flat, improved Kato's 
inequality (if m = 4) together with Moser iteration gives us better curvature control such 
that we can construct a global smooth coordinate on Ei{5). Then Uhlenbeck's removing 
singularity technique implies that 7? is a C°°-orbifold singularity for every /. It follows that 
p is a C°°-multifold singularity of X. So we finish the proof of the Claim. 

As every singular point must be one of p'*, it is clear that the number of singular points 

m 

is controlled by Nq = | I • By the constr uction of X, we have \Rm\g dfig < E. Use 
the same arguments as in |BKNI ] or [AnSi], we know {X,g) is an ALE space. □ 



Remark 3.1. According to the construction of the convergence, the points {p^}g^i comes 
from compactification. We call such points as added points. It is possible that some added 
point p^ is a smooth point though it comes from a different origin from generic smooth 
points. However, every singular point must be an added point. 

We have already shown the weak compactness of EV-refined sequence in C^''^-topology. 
It is not enough for our main object. What we need is the weak compactness in C°° topol- 
ogy. In order to do so, we need to control curvature's derivatives by curvature. Generally 
this is impossible. However, in an EV-refined sequence, some geometric constraints force 
that a very non flat part cannot become flat immediately under the flow. This allows 
us to control Riemannian curvature of the previous time by the Riemannian curvature 
of a later time. This kind of backward pseudolocality theorem together with Shi's local 
estimate will give us the control we need. So the crucial step is to prove the backward 
pseudolocality theorem. Let's first do some preparation for it. 
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Figure 1: Small geodesic balls on {X,g) 



Lemma 3.3 (Distance Continuity for an EV-refined Sequence). Suppose 
{{Xi, gi{t)), —1 < t < 1} is an EV-refined sequence, ti < and lim ti = 0, Xi,yi are 

i— >oo 

points in Xi . Then we have 

lim dg^(^o){xi,yi) = lim dg (^t,){xi,yi)- 

l^OO J— >oo 

if one of the limits exists. 

Proof. Before we get into the details of the proof, let's illustrate the basic idea and set up 
some notations. 

The main idea is to separate the shortest geodesic connecting Xi and yi into two parts. 
One part contributes most to the length but changes little under the flow. The other part 
may change very fast, but itself's length is tiny in every time slice. Combining these two 
estimates, we obtain the continuity of distance. 

By Lemma [321 {Xi,Xi, gi{ti)) converges to some Ricci-flat multifold in C^''^-topology. 
Denote this limit as (X, x,g). The number of singular points in X is bounded by Nq = [^J . 
For simplicity of our argument, we assume that X contains only one singularity. Note 
that {X,g) is an ALE C°°-multifold, so it satisfies the following property: 

Fix ^ > arbitrarily small. Then for every point z S X, there exists p < ^ such that 
dB(z,p) has at most components. Each component is a smooth (m— l)-dimensional 
Riemannian manifold and its diameter is not greater than 27rp. See Figured] for intuition. 
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Fix ? and let r be some number located in (0, ^). 
Since ti G [— 1,0], {Xi,gi(ti)) satisfies energy concentration property: 
r m. 

/ 1 \^'^\g](u)d^'9^iU) > whenever Q = \Rm\g^(^t,)i^) > H. 

We have already assumed that the number of singularities is 1, so energy concentration 
implies 

where pi is a point with maximal \Rm\g.(^i.y Applying Perelman's pseudolocality Theorem, 
i.e., Theorem 12. H we are able to control the Riemannian curvature on a short time period: 

\Rm\g.^t){z) <F{r,K), V(z,t) E 3r) x [ti,ti + l{r, k)]. 

Recall ti 0, it follows that 

\Rm\g^^t^{z) < F{r,K), V {z,t) G XASg,(t,)(pi, 3r) x [^^,0] (2) 

for large i. This is a very important control in the following proof. 

Now we are ready to give a proof by separating geodesies. Without loss of generality, 
we can assume that lim dg^(^^.-^{xi,yi) exists. 

Step 1. ,lim dg^ [t,){xi,yi) < .Hm dg^ (^o){xi,yi). 

Let Ti he a shortest geodesic connecting Xi and yi in the Riemannian manifold {Xi, gi{0)). 
We can separate it into two parts: 

rf^ = r.nB,^(,,)(p,,3r). 

From inequality ([2]), we see that the Riemannian curvature is uniformly controlled by 
F{r,K) on Fj-"^ x [tj,0]. Recall that {Xi,gi{t)) satisfies the equation — = —Ric + Cig. It 

follows that the changing speed of any curve's length is controlled by Ricci curvature's 
norm and Cj. Note that Cj — > and — > , the limit reads 

lim Length^^(,^)(Ff)) = lim Length^^(o)(F;'^)) 

< lim Length (o)(Fi) = lim dg^(Q){xi,yi). (3) 

Triangle inequality implies 

d9^{u){xi,y^) < dg^(^ti}{xudBg^^t^){pi,3r)) 

+ ^9.{t.) (P^' 3r), yi) + diamg^(i^) Bg^^^^) {p„3r) 
< Length^^(,^) r(") + 6r. (4) 



20 



Fj is a geodesic under gi{0) 




Tj is a geodesic under gi{ti) 

Figure 2: Choose geodesic at different time slices 
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Combining inequality ([3]) and dH) yields 

lim dgjt,){xi,yi) < lim dgjo){xi,yi) + 6r < lim dgjo){xi,yi) + 

As <; can be as small as we want, this implies lim d„.u.){xi,yi) < lim d„.iQ\{xi,yi). 

i^oo * i— >oo 

Step 2. lim dg.iQ){xi,yi) < lim dgjt ){xi,yi). 

If lim yj) = oo, the statement is true automatically. So we assume 

^}^dg^(^t,){xi,yi) = D < (x. 

Let Tj be a shortest geodesic connecting Xi and j/j under the metric gi{ti). We separate 
it into two parts: 

Tf ) = TAi?,,(t.)(p., 3r), Tf = T, n 3r). 

Curvature control inequality ([2]) implies that T^"^ stay in a part with bounded curva- 
ture, so the changing speed of its length is controlled. Recall ^0 and c,, — > 0, we have 

Lengthy, f J,-) T,^"^ 
lim ; , = 1. It follows that 

Length3^(0) ^ 

.hm Lengthg^(o)(T5"^) = .hm Lengthg^(<^)(Tf ^) < ^lim Lengthg^(t^)(T,) < D. (5) 

Now let's study the other part T.^'' = T n Bg.(^^.-^{pi,3r). In this part, Riemannian 
curvature's control is missing. Moreover, T^''^ may be far away from a geodesic at time 
t = 0. So we give up the direct control of T^^'*'*. Instead, we put it in the ball -Bg;(t.)(pi, 3r) 
and control the diameter of this ball by its volume and the diameter of its boundary. 

If dg^{t^){xi,pi) oo, then xf^ = Tj n 3r) = and consequently Tj = T^''^ 

Using inequality ([^, we have already finished the proof. Therefore we can assume that pi 
stay within a bounded distance away from Xi and pi p. Then we have convergence 

Bg^^t^){pi,3r)'^B{p,3r)cX, 
dBg.(t,){Pi,^r) ^ dB{p,3r). 
Note that p is a fixed point now. According to this point, we adjust r G (0, j^) such that 

• dBg{y,3r) has at most components. 

• Every component of dBg{y, 3r) is a smooth (m — l)-dimensional Riemannian mani- 
fold whose diameter is less than 47rr. 

Therefore, for every large i, dBg.(^f.^{pi,3r) has at most connected components. For 
convenience, we denote sl^\--- , S^^^ as the connected components of (9Sg^(f,)(p«i 3r). 
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Clearly, for every /€{!,••• ,k}, S^^''^ is at least a C-'^-manifold and diamg.(4.) sf^ < Gvrr. 
Here diamg^j-^^) sf^ means the intrinsic diameter of sf^ under the metric gi{ti)\ (i). 

i 

Note that on dBg.(^f-.^{pi,3r), Riemannian curvature is uniformly bounded (inequal- 
ity ([2])). Therefore the changing speed of any curve's length is uniformly controlled on 
dBg.(j..-^{pi,'ir) X [ij,0]. As 0, it yields that 

lim diamg^( 0)('gf^) 



diamg^(t,)('5f ' 



for every I G {1, • ■ ■ , fc}. Therefore, we have lim diam^.^o) (5'f ^) < Gvrr. 
The upper volume ratio bound reads 

Volg^(,,)(i?,^(i,)(pi,3r))<J^.(3rr. (6) 

Since the flow {{Xi,gi{t)),—1 < t < 1} is a solution of || = —Ric + Cig, the volume 
changing speed is controlled by scalar curvature and q. Both of these two terms are 
tending to zero. Combining this estimate with \ti\ 0, inequality ([6]) implies 

Vol,,(o)(i?,,(t,)(pi,3r))<K.(6rr. 

for large i. 

In short, for i large, we have two estimates 

Volg^(0)(i?3,(t,)(P., 3r)) < K ■ {6rr, diamg^(o) sf'^ < Ovrr, V/ G {1, • • • , A;}. (7) 

On a K-noncollapsed Riemannian manifold, we claim that the diameter of every con- 
nected set can be controlled by its volume and the diameters of components of its boundary. 
In order not to diversify our attention, we only list a precise statement here and postpone 
the proof to the appendixfLemma I A. ip . 

Lemma. [X^\g) is a Riemannian manifold which is K-noncoUapsed on scale 1. B C X 
is a connected open set and Vol(i?) < k. Si,-- - ,Sa are connected components of dB. 
Then 



diamS < ydiam5'fc + 6A( ' )^ 



k=l 



where diamS^ means the diameter of the manifold {Sk,g\sk)- 

In order to apply this Lemma, we let B = 3r), Si = sf\ Inequality d?]) 

implies that under metric gi{0), we have A < ^ , ^"^^^^ < diamS"/ < Gvrr. 
So the previous Lemma applies and yields 

2"^K K 1 

diam^^(0)(i?g,(t,)(K,3r)) < 6 (^ + (-)-)r ^ C{K,K)r < C{k,K)<;. (8) 
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By triangle inequality, we have 

dgm^^i^y^") - dg,{o){xi, dBg^^t^){pi, 3r)) + dg^(^o){dBg^(^i^){pi,3r),yi) + diam^ 

< Length3^(o) '^'t^ + diamg^{o) Bg^^t^^{pi,3r). 
Combining this with inequality ([5]) and dH]), we obtain 

lim d„jo){xi,yi) < D + C{k,K)c^. 
Since ? can be chosen arbitrarily small, it follows that 

lim dg^{o){xi,yi) <D= lim dg.(^t,){xi,yi)- 

□ 

As a simple application of Lemma 13.31 we have the following Corollary. 

Corollary 3.2 (Coincidence of Limit Spaces). If {{Xi, gi{t)), —1 < t < 1} is an 

EV-refined sequence, Xi € Xi, ti < and lim ti = 0. Then 

i— >oo 

lim {Xi,Xi,gi{ti)) = lim (Xj, Xj, ^^(O)). 

Proposition 3.2 (Point-selecting). Suppose {{Xf^ , Xi, gi{t)), —1 < t < 1} is an EV- 
refined sequence, lim \Rm\„.(Q\{xi) = oo. By taking subsequence if necessary, there exist 

points ipi,ti) satisfying the following properties. 

• ti <0 and lim ti = 0. 

• .li^m (ig^(i^)(pi,Xi) = 0. 

_ 1 

• \R'm\g,(t){x) < ^Qi whenever {x,t) e Bg^(^t,){Pi,WbQi ^) 'x [U - ToSo^7^^^~^ ■ ^^'^^ 
Qi = \Rm\g.(^^.^(pi), pi, is the base radius defined in Definition \3.4\ 

Proof. Apply Lemma 12.11 and take diagonal sequence. □ 

Lemma 3.4 (Added Point Doesn't Emerge Suddenly). Suppose {{Xi,Xi, gi{t)), —1 < 
t < 1} is an EV-refined sequence, ti < and lim ti = 0, {X,x,g) is the limit space of 

{Xi, Xi, gi{0)) and {Xi, Xi, gi{ti)). Then the following property holds. 

If p (z X is an added point as {Xi,Xi,gi{0)) converges , then p is an added point as 
{Xi,Xi,gi{ti)) converges. 

Proof. Application of Pseudolocality theorem. □ 
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p q 

Figure 3: Impossible added points 



Lemma 3.5 (Added Point Cannot Sit in a Smooth Part). {{Xi^Xi, gi{t)), —l<t< 
1} is an EV-refined sequence, {X,x,g) is the limit space of {Xi,Xi, gi{0)). 

If p is an added point of X, then p cannot stay on smooth part, i.e., for every small 
r] > 0, each component of B(p,7])\{p} is diffeomorphic to a cone over S'^~^/T for some 
nontrivial group T. 

In particular, every added point is non-smooth. 

Proof. Suppose not. There is a point p £ X which is an added point for sequence 
{{Xi, Xi, gi{0))} and it sits in some smooth part. According to Proposition 13.21 there 
exists spacetime points {pi,ti) satisfying the following properties. 

• {pi,ti) is a parabolic local maximal point, i.e., 

\Rm\g^(t){x) < MRm\g^(^t,){Pi) - "^Qi, 

whenever {x,t) € Bg^^t,){Pi,ipbQi ') x [ti - jQ^Q~^,ti]. 

• Pi ^ p as {Xi,Xi,gi{ti)) converges to {X,x,g). 

Shifting our original sequence in both space and time direction, we have 

(Xi,pi,gi{ti)) {X,p,g). 

Since p sits in some smooth part of X, there exists a small number i] such that the 
area of the largest component of dB{p,r) is strictly greater than |mu;(m)r™~^ whenever 
r S (0,2?]). Furthermore, by the finiteness of added point, we can choose r] small enough 
such that p is the unique added point in B{p, 2r]) for the sequence {Xi,Xi, gi{ti)). It follows 
that for every fixed number r G (0, r]) and large i, we have 

A'^eag^(t.)('g»(^)) 7 

^1 8^("^) (9) 
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whenever r € (O,??)- Here we use Si{r) to denote one of the largest component of 

_i 

dBg^(t.){pi,r). Note that dBg.(j,.){qi,\pbQ^ ^) is connected and 

_i 

y Areag^ft^)(g^g^(i^)(g„^pfeQ. ^)) 3 .7 

hm ^-^ < -u;(mj < -uj(m). 

{\p,Q---)m-i 4 8 

We can choose rj < r/ to be the largest radius such that the largest component of 
dBg.(i.-^ {pi,ri) has area ratio |mcj(m), i.e., the area of the largest component is |mu;(m)r™~ 
Inequality ([9]) implies that rj — > 0. Blowup the EV-refined sequence {{Xi,pi, gi{t)), —1 < 
* < 1} by scale r~^. In other words, let gl^\t) = r~'^ gi{rft + ti) and rename pi as x-^'', we 

can extract an EV-refined sequence {{Xi, x[^\ g^^\t)) , —1 <t<l}. Take limit for central 
time slice, we have 

The limit space ,x^^\g^^^) is a Ricci-flat ALE multifold with total energy bounded 
by E. The space can be detached into union of orbifolds. The point x^^^ may be 
decomposed into several points, we say x^^^ is in an orbifold if one of the decomposed 
points is in that orbifold. 

When {Xi,pi, g^^\o)) converges, away from check if there is any other added point 
staying in some smooth part. If no, we stop. Otherwise, we choose such a point and denote 
it as p^^^ . By shifting time and space again, we have 

{X.,p^\9l'Ht^'))^{Xi^\p^'\9^'^ 

where (Pj^\4^^) are parabolic local maximal points and tf'^ — > 0~. 

As p^^^ stays on a smooth component. Centered at this point, every small geodesic 
sphere's largest component has almost Euclidean area ratio. As before, we can choose scale 
r,p^ to be locally the largest radius such that the largest component of dB w f.w^ipf'Krl^^) 

has area ratio Clearly, r^-^'' 0. Blow up {{Xi,p^^\ g^^\t)) , —1 < i < 1} at point 

{pf\t^P) with scale (?^|^^)~^, and rename the base point pf'^ as x^^ \ we obtain a new 
EV-refined sequence {{Xi,x\ ,gl (t)),— 1 < t < 1}. Let the central time slices tend to 
{X^'^\x^'^\ g^'^^). Then iterate the previous process. Figure U] shows such a process which 
stop in three steps. 

Claim 1. For every k>l, x^^^ is an added point for the sequence {Xi, xf^\ g^^\o)) . 

We only need to show limsup \R7n\ (k),„-.{xf'^) = oo, i.e., limsuprl'^ ^^Qf = co, where 

Qi = \Rm\ (k-i), Ak-i)-.{p\'' ^^). Actually, as {p\'' ^\t\^ are local maximal points, the 
deepest bubble blownup from these points is a non-flat ALE manifold which has nontrivial 
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cone end at infinity. Therefore, for every fixed big number 7^ > 0, under the metric 
9i {.H )) we have 

Area(a5(pf~^^7^Q~^)) 7 , , 



1 

2\m-l 



for large i. The definition of rf" implies rf''^ > IZQ.i ^. It follows that 

limsupr^'^^Qj? > IZ 

(k) - 

for every TZ. Therefore, we have limsupr) Qf = oo. This finishes the proof of Claim [TJ 

i— >oo 

If 9i is a time sequence tending to zero, we know 

lim(X„xf\gf (0.)) = lim(X„xf\<7f (0)) = (X^, x^'^), 5^=)). 



We denote the energy of sequence {(X^, xf \ fff ^ as £'(X('=),xf\ 5^^(00)- It 



IS 



defined as 



^(X(''),xf\c/f^(0,)) - lim limsup / \Rm\fdn. 



B (k) (x) ',TZ) 
Claim 2. For every k > 1, we have energy control 

£{X^^^\xf\gf\Q))<E-{k-l)e. (10) 

Actually, from the blowup process, we know 

\Rm\'^dji 



^(xW,xf\gf(0))< limsup / 

Si ) 



for every small 6. Under the metric g^'' ^\'ti' ^^)) B{pf' and B{x[^ are dis- 

joint. As x'-'^"^-* is an added point for the convergence process 

{X,,xt'\9t'\0)) - (X(^-I),x(^-I),ff(^-1)) 

and tf^ ^ 0~, Lemma [3.41 tells us that x^'"'"^) is an added point for the convergence 
process 
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This implies that under the metric (i^" ), the energy contained in B{xl ,5) is 

greater than e. Therefore, fix an IZ large enough, we have 

£{X^^^\xf\gf\^))< [ \Rm\fd^,-e 

Note that Of^ = (r|'^ + tf^ — * 0, similar argument shows that 

Therefore, induction implies 

£{X^^\xf\gf\Q)) < f - (k - l)e < E - (k - l)e, 

k-l 

where 6*^ ^ = ^ + ^ (rf ^ • • • rj"^)^ — > 0. This finishes the proof of Claim [2 

a=2 

As a corollary of Claim [2l we have the following fact: 
The blowup process terminates in finite steps. 

Suppose it stops at step k. Denote {X,x,g) = {X^'^\x'^^\ g^^'^), then we know every 
added point away from x can only stay on singular part. 

Claim 3. X contains at least one Euclidean component. 

As X is a noncompact ALE space. Choose TZ big enough, we see that each connected 
component of dB{x,TZ) is diffeomorphic to some topological space form. In particular, we 
can assume one largest component is diffeomorphic to 5™~^/r and it's area ratio is very 
close to j^Lo{m). According to our choice of blowup scales r^^ and the fact TZ ^ 1, 
we see that ^uj{m) > |cj(m). This forces that |r| = 1 and T is trivial. This means that 

there is at least one Euclidean end at infinity. Detach X into orbifolds. There is exactly 
one noncompact orbifold corresponding to the Euclidean end we have chosen. Denote this 
orbifold as M. So M is a Ricci-flat orbifold with Euclidean volume growth rate at infinity. 
Bishop volume comparison theorem implies M must be Euclidean space. So Claim [3] is 
proved. 

By the connectedness of X , there must be some added point on the Euclidean compo- 
nent M. According to our choice, such point must be x. Decompose it as xi, • • • , xat € M. 
So the intersection of the geodesic sphere dB{x, 1) and M is exactly the "unit geodesic 
sphere" centered at the set {xi, ■ ■ • , xtv}. As M is Euclidean space, by generalized Bishop 
volume comparison theorem, we see that each component of this "unit geodesic sphere" 
has an area not less than muj{m). It follows that the largest component of dB{x, 1) must 
has an area strictly greater than ^muj{m). On the other hand, from the generating process 
of X, we know the largest component of dB{x, 1) has exactly area ^uj{m). Therefore we 
have the contradiction to set up the proof! □ 
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Figure 4: The blowup process according to area ratio 



29 



As an application of Lemma 13.51 we have the following corollary. 

Corollary 3.3 (Singularities Depend only on the Limit Space). Suppose that 
{{Xi, Xi,gi{t)), —l<t<l}is an EV-refined sequence, lim ti = 0, {X, x, g) is the common 

limit space of {Xi, Xi, gi{0)) and {Xi,Xi,gi{ti)). Then the following property holds. 

p ^ X is an added point as {Xi, Xi, gi{ti)) converges if and only if p is an added point 
as {Xi,Xi, gi{0)) converges. 

Proof. Lemma 13.51 implies that every added point in the limit process must be really a 
singular point in the limit space. However, every singular point in the limit space must be 
an added point in the limit process by its construction. So we have the following equivalent 
conditions. 

p is an added point as {Xi,Xi, gi{0)) converges to {X,x,g). 
<^ p is a singular point of X. 

p is an added point as {Xi, Xi, gi{ti)) converges to {X,x,g). 

□ 

Therefore, whether point p is an added point in the limit process depends only on the 
failing of smoothness of p on the limit space, it has nothing to do with the choice of the 
limit sequence. 

By virtue of this property, we can reverse Perelman's pseudolocality theorem in our 
special setting. 

Lemma 3.6 (Backward Pseudolocality for an EV-refined Sequence). // an EV- 
refined sequence {{Xi,Xi, gi{t)), —1 < t < 1} satisfies sup |i2m|g.(o) ^ f(^^ some 

constant r G (0, 1], then there exists a small positive constant 6 (depend on this sequence) 
such that 

|i??n|g.(j)(x) < 5~^r~^, whenever dg.(^t^{xi,x) < 6r, —S'^r'^ < t < 

for large i. 

Proof. Note that rescaling an EV-refined sequence by constant ^ yields a new EV-refined 
sequence. Therefore, we can assume r = 1 without loss of generality. 

Suppose this result is wrong, then there is a sequence of points {pi,ti) satisfying 
tj < and lim ti = 0; lim d„jtA{Pi,Xi) = 0; lim \Rm\„jtA{pi) = oo. 

Let {X,x,g) be the common limit space of sequences {Xi,Xi, gi{ti)) and {Xi,Xi, gi{Q)). 
So X = lim Xi = lim pi is an added point as {Xi,Xi, gi{ti)) converges. So Corollary 13.31 

i— >oo 2— »oo 

implies that x is an added point as {Xi, Xi, gi{0)) converges. This is impossible since 
sup |i?m|g^(o) < 1 for every i\ □ 
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Combining Lemma [3T6l with Shi's estimates, we see that for every geodesic ball -Bg.(o) (x, r) 
satisfying sup |ii?n|g.(o) ^ ^~^) we have 

|V*^i?m|,,(o)(y) <C(fc,K,r) 

whenever y E Bg.^Q^{x, |). Using the proof of Lemma [321 we can strengthen the conclu- 
sion as smooth convergence. To be precise, we have 

If {{Xi,Xi,gi{t)), —1 < t < 1} is an EV-refined sequence, then {Xi,Xi,gi{0)) converges 
in the pointed Gromov-Hausdorff topology to a Ricci-flat multifold {X,x,g). Furthermore, 
the convergence is in -topology away from finite singular points. The number of singu- 
lar points is not greater than Nq. 

By further study, we can show that every singular point is irreducible. This means that 
the limit multifold must be an orbifold. 

Lemma 3.7 (Weak Compactness for Time Slices in an EV-refined Sequence). 

If {{Xi, Xi, gi{t)), —l<t<l} is an EV-refined sequence, then we have 

{Xi,Xi,gi{0)) {X,x,g) 
where {X, g) is a K-noncollapsed, Ricci-flat ALE orbifold with at most Nq singular points. 

Proof. The smooth convergence away from singular points is a direct application of Shi's 
estimates. We only need to show that every singular point is irreducible. 

Suppose this Lemma is wrong, then there is a reducible singular point p £ X. We can 
choose a very small number 77 > such that dB{p,r]) is disconnected. Choose x and y in 
different component of dB{p,r]), then the shortest geodesic connecting x and y must pass 
through p. By choosing rj small enough, we can assume JB{pr]) {RnT-l^dfj, < |. 

Assume Xj x, yi ^ y, pi — > p. Let 7^ be a shortest geodesic connecting xi and y^, qi 
be a point on 7, which is closest to the highest curvature points in Bg.(^Q^{pi,r]). Clearly, 
qi p. Under metric gi{0), define rj to be the radius satisfying /^(g. ^..^ \Rm\^dn = |. 
Since p is a singularity and qi p, we know rj is well defined and r^ — > 0. See Figure [5] 
for intuition. 

Let hi{t) = r^'^gi{rft), we can extract an EV-refined sequence {{Xi,qi, hi{t)),—l < t < 
1}. Take limit for the central time slices, we have 

iXi,q„h,m ^{X,q,h). 

The limit space X contains a line 7 passing through q. 

Note that jB^.(^Q<^{q 1) \R'm\~dfi = |. The energy concentration property for EV-refined 
sequence enforces |i?m|/j.(o)(9j) is bounded. Therefore, q is not a singular point. By the 
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Xi 




C°° convergence 




Bg,(o){pi,r]) C Xi 



B{p,ri)cX 



Figure 5: Blowup at reducible singular point 

choice of qi, we see that the line 7 will not pass through any singular point. Detach X 
into union of orbifolds. 7 must stay on one of them since it doesn't hit any singular point. 
Let M be the component containing 7. It is a Ricci-flat ALE orbifold containing a line. 
Splitting theorem for Ricci-flat orbifold implies M is the product of a manifold and a line. 
The ALE condition forces that M must be flat and consequently the Euclidean space. 
According to Lemma l3.5|, M doesn't contain any singular point. By the connectedness of 
X, we have X = M. Therefore, X is Euclidean space which doesn't contain any singular 
point. In particular, |i?m|/j,(-o) is uniformly bounded in i?/j,(Q)(gj, 2) when i large. Control 
convergence theorem implies 







\Rm\ 2 dfi 



'B{g,l) 

Contradiction! 



lim 



lim 



□ 



The weak compactness Lemma 13.71 directly yields the following Corollaries. 

Corollary 3.4 (Improved Volume Ratio Upper Bound for an EV-Refined Se- 
quence). If {{Xi,Xi,gi{t)),—l < t < 1} is an EV-refined sequence, r is any fixed positive 
number, then we have 

Vol (o)(B (o)(2;i,r)) 
hmsup — < uj{m). 



Proof. Application of volume comparison theorem for Ricci-flat orbifolds (c.f. [Bor| ) . □ 
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Corollary 3.5 (Energy Concentration for an EV-Refined Sequence). // an EV- 

refined sequence {{Xi,pi, gi{t)), —I < t < 1} satisfies Qi = |i??n|g.(o)(Pi) ^ then energy 
concentration holds at (pj,0) for large i. In other words, we have 



Proof. If this result is wrong, by taking subsequence, we can obtain an EV-refined sequence 
{{Xi,pi,gi{t)), -l<t<l} satisfying 

Since blown up sequence of an EV-refined sequence is a new EV-refined sequence, we can 
assume Qi = 1. For the simplicity of notation, we omit the default metric gi{0) and denote 
these conditions as 



\Rm\{pi) = 1, / \R7n\'2 dfi < e. 

JB(vi.l) 



'B{p,,l) 

Claim. Curvature of any point in the unit ball can be controlled by its distance to the base 
point. In other words, we have 



• \Rm\{q) < (1 — d{pi,q)) ^ whenever d{pi,q) > 1 — H 2 

• \Rm\(q) < H whenever d{pi,q) < 1 — H~2. 



Otherwise, B{q, \Rm\ 2(g)) c B{pi, 1) and \Rm\(q) > H. Since energy concentrate at 
any point satisfying \Rm\ > H, we have 



\Rm\ '2 djj, > ^ \Rm\ 2 djj, > e. 



lB{pi,l) JB{q,\Rm\-^{q)) 

Contradiction! This proves the Claim. 



Lemma 13.71 implies 



{Xi,pi,gi{0)) — > {X,p,g). 



Our Claim assures that the geodesic ball B{p, 1) is free of singular point. It's clearly 

a K-noncollapsed, Ricci-flat, smooth geodesic ball satisfying \Rm\(p) = 1. Therefore, 
r ^ 

Lemma 12.31 vields / \Rm\^dfi > e. The smooth convergence then implies 

JBlv.i) 



I rn_ ^ I rn I m 

e > lim / \Rm\ 2 d/i > lim / \Rm\ 2 dfi = / \Rm\ 2 dfi > e. 

i-*'^ J B(p,,i) '^°°Jb(p,,\) Jb{p,\) 



Contradiction! 

□ 
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X, x[sf'-i(pf')^sp'] 



Figure 6: How to select a good scale? 



In the definition of an EV-refined sequence, we only have energy concentration for points 
satisfying \Rm\ > H. By Corollary 13.51 we see energy concentration holds automatically 
for points with |i?m| > 1. The gap between 1 and H can be overcome "freely". Similarly, 
at the beginning, we only assume volume ratio has an upper bound K. However, we finally 
can improve this K to uj{m) "freely". These improvements give us the room to show that 
every refined sequence is actually an EV-refined sequence. 

3.4 Every Refined Sequence is an EV-refined Sequence 

In this subsection, we show that a priori local volume ratio upper bound and energy 
concentration property are not independent conditions in the definition of an EV-refined 
sequence. They can be deduced from other conditions. In other words, every refined 
sequence is an EV-refined sequence. 

Proposition 3.3. Every E-refined sequence is an EV-refined sequence. 

Proof. If this result is wrong, then there exists an E-refined sequence {(Xi, gi{t)), —1 < 
t < 1} which is not an EV-refined sequence. In other words, there are triples {xi,ti,ri) € 
Xi X [-2,0] X (0, 1] such that 

lim — — = oo. 

Claim. There exists a triple {yi,Si,pi) G x [—^,0] x (0,1] satisfying the following 
properties. 
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1. [si-\pls,] C [-i,0]. 

2. Volume ratio upper control does not hold at {yi,Si,pi), i.e., 

Pi 

3. At every triple {z,d,r) G Xj x [si — |/9?] x (0, ^Pi], volume ratio upper control holds, 

We start from {xi,ti,ri). Check if it can be chosen as {yi,Si,pi). If so, we are done. 
Otherwise, we can find one triple {z,9,r) S x [tj — ^rf,ti] x (0, ^rj] such that volume 

ratio upper bound fails at {z, 9, r). Denote this triple {z, 6, r) as {yl^\ s\^\ Pi^^) and check 
if it can be chosen as {yi,Si,ri). If so, we finish the proof. Otherwise, we can find some 
triple iyi^\ s\^\ Pi^^) ^ Xi X [s\^^ — ^(pI^^)"^ , s\^^] x (0, ^pf'^] such that volume ratio upper 
bound fails at {yl'^\ s^^\ p^^^ ) . Similarly, we can continue to define {yf'\ ■s^^\ p^l^'^) ■■■ . 

At triple {yf^ , sf''^ , p^^^ ) , we have 



1=0 
/=0 



Note that pf^ < 2 Vj, we have 



U - {^^ - ^(pf V} < ^(2-^^ + ^(1 - ^^'~'))rf 
< '-±^rf < 1. 

Recall that ti G [— ^,0]. Therefore, [sf^^ — \{p[''^)^ , s^''^] C [—^,0]. So this process repeats 
in the compact smooth spacetime Xi x [—^,0]. So we have 

1- Volg(t)(S (t)(x,r)) 

lim sup — — — = uj{m) < 2ui{m). 

'■^°(x,t)GX,x[-i,0] 
(k) / (k) (k) (k)\ 

Since lim pi = 0, volume ratio upper bound holds at [y] ,s\ , p] ) for large k, we see 

A: —+00 

this process must stop in finite steps. So we can find a finite k such that {yf^\s^^\ p^^^) 
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can be chosen as (?/«, Si, pi). Figure [6] illustrates such a process which stops in 2 steps. We 
finish the proof of the Claim. 



Let gi{t) = (f )"^<7»((f + Si). Clearly, {{Xi,gi{t)),-1 < t < 1} is an E-refined 
sequence satisfying 

for every i and {x,t,r) £ Xi x [—^,0] x (0,1]. Consequently, {{Xi, gi{t)), —I < t < 1} is 
an EV-refined sequence. By Corollary 13.41 we have 

1- Volg^(o)(%(o)(j/i,2)) 

limsup — — < io{m). 

On the other hand, by our choice of {yi, Si, pi), we have 

nm ^rra \ )■ 

^ Pi 

Contradiction! □ 
Proposition 3.4. Every refined sequence is an E-refined sequence. 



Proof. If this result is wrong, then there is a refined sequence {{Xi, gi{t)), —1 < t < 1} 
and points {xi,ti) G Xi x [—^,0] such that 

/ — 

Qi = \Rm\g^(^t^){xi) ^ oo, 1 \Rm\ 2 dp < e. 

Search points in Xi x [tj — to see if energy concentration fails at some point 

with curvature norm greater than 2Qi. If there exists such a point, we choose one of them 
as a new base point and then do the same work for this new base point. No matter how 
many steps do we have, we know this new base point must locate in Xi x \ti — Q^^,tj\ C 
Xi X [— for large i. This is a compact smooth spacetime with bounded Riemannian 
curvature. After each step, the base point's Riemannian curvature norm doubled, so our 
process must stop in finite steps. Fix the last step base point as the new base point {yi, Si) 
and define Qi = |ii?n|g.(^^)(?/j). It satisfies the following properties. 

1. lim Qi = 00. 

i— >oo 

2. Energy concentration fails at {yi,Si). 

3. Energy concentration holds at {x,t) whenever it locates in Xi x [si — ^Qj^^jSj] and 
\Rm\g,{t){x) > 2Qi. 

4. [si-Q-\s^] C [-1,0]. 
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Let gi{t) = QigiQi^t + Si). Clearly, {{Xi,yi, gi{t)), -1 < t < 1} is an E-refined 
sequence. Proposition 13.31 implies that it is an EV-refined sequence. Furthermore, at the 
base points {yi,0), energy concentration fails and |i?m|^.(o)(yi) = 1. This contradicts to 
Corollary O ' □ 

Combining Proposition 13.41 and Proposition 13.31 we have 
Lemma 3.8. Every refined sequence is an EV-refined sequence. 

Since every refined sequence is an EV-refined sequence, we can use directly all the 
Lemmas of previous section. For convenience, we list the important ones among them. 

Theorem 3.2 (Backward Pseudolocality for a Refined Sequence). // a refined 
sequence {{Xi, Xi, gi{t)), —1 < t < 1} satisfies sup |i?m|g,(o) < r~^ for some constant 

r G (0, 1], then there exists a small positive constant 5 (depend on this sequence) such that 

|i?m|g.(()(x) < 5~^r~^, whenever dg.[i){xi,x) < 6r, —b^r'^ < t < 

for large i. 

Theorem 3.3 (Weak Compactness for Time Slices in a Refined Sequence). // 

{(Xj, gj(t)), —\<t<\\isa refined sequence, then we have 

{Xi,Xi,gi{Q)) iX,x,g) 
where {X,g) is a K-noncollapsed, Ricci-flat ALE orbifold with at most Nq singular points. 



Theorem 3.4 (Energy Concentration in a Refined Sequence). If {{Xi, Xi, gi{t)), —1 < 
t < 1} is a refined sequence, Qi = \Rm\g.(^Q-j{xi) > 1, then we have 

r m 
•^-Bg,{o)(xi,Q. ^) 

for large i. 

Theorem 3.5 (Improved Volume Ratio Upper Bound for an Refined Sequence). 

If {{Xi,Xi,gi{t)),—l < t < 1} is a refined sequence, r is any fixed positive number, then 
we have 

y Volg^(o)(^g^(o)(x„r)) 

hmsup — < uj[m). 

i— ►oo 
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3.5 Neck Structure and Isoperimetric Constant 



The weak compactness theorem allows us to study the neck structure of a refined sequence. 
The local orbifold group of a singularity in the limit space is the same as the infinity 
orbifold group of a new limit space properly blown up from the original sequence. The 
part between these two ends are called neck an d it is almost a flat cone. This result is 
the same as the neck theorems proved in Ban9Cll | and AC|. H owe ver, w e have to prove it 
through different ways since we lack the estimates in |Ban9nl | and [aQ |. 

For the simplicity of notation, we assume gi{0) as the default metric on manifold Xj 
and we'll not mention this default metric when no confusion will be caused. 

Theorem 3.6 (Coincidence of Neck Ends). Suppose {{Xi, Xi, gi{t)), —1 < t < 1} is 
a refined sequence, {X,x,g) is the limit space of {Xi,Xi, gi{0)). Suppose p = lim pi is a 

singular point with local orbifold group T. Choose rj > very small such that the following 
properties hold. 

• p is the unique singular point in B{p,r]). 

• dB{p,r) is diffeomorphic to S""~^/r for every r € (O,?]). 

f I I — T 

rj is the radius satisfying /^(p. r;)\B(p r ) l-^"*"!"^^ ~ §■ Then ri 0. Let gi{t) = 
r^'^gi{rft), we have the convergence 

(Xi,pi,5i(0)) — > iX,p,g), 

where X is an ALE orbifold whose orbifold group at infinity is T. 
According to this choice, T and T are isomorphic to each other. 

Proof. Suppose T and F are not isomorphic. 

Choose ^ to be a big constant such that dB{p, A) is diffeomorphic to S^~^ /V. So we 
know 9Sg.(o) {pi-,A) is diffeomorphic to 5™~^/r for large i. In other words, dBg.^Q^ (pi, Ari) 
is diffeomorphic to S""~^/r. However, the convergence before blowup implies that 

5i?,^(0)(pi,A-i?7)~5™-Vr, 

where we use ~ to denote diffeomorphism. As Ar^ <C A~^r] and F 7^ F, we can define 

Pi = sup{r|r > Ari, dBg^(^Q^{pi,r) is not diffeomorphic to S'^/T}. 

Clearly, ^ —>■ and — > 0. Let gi{t) = p^^gi{pft), then we have convergence 



{Xi,pi,gi{0)) — > {X,p,g). 
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Fix every large constant TZ, we have TZpi < rj, TZ ^ pi > Vi for large i. It follows that 

f — f — c 

Energy concentration property for refined sequence implies that curvature is uniformly 
bounded on Bg.(Q-^{pi^ ^TZ)\Bg^(^Q-^{pi,2TZ~^). So B{p, ^TZ)\B{p,2TZ~^) contains no singu- 
larity. As TZ can be chosen arbitrarily big, we conclude that p is the unique singularity in X. 

Moreover, we have energy control / \Rm\^di-t < e. Therefore, gap lemma (Lemma 12. 2|) 

Jx 

implies that X is a flat cone. Note that dB{p,2) ^ dBg.(^Q-^{pi,2pi) for large i. By the 
definition of pi, we know dB{p,2) is diffeomorphic to S"^~^/r. However, for large i, we 
also have 

dBg^^o){p,,api) ~ a%(o)(K,a) ~ dB{p,a) ~ S""-^ /F 
for every a € [^,1]- This means 

„ 1 

sup{r|r > Avi, dBg-(Q^{pi^r) is not diffeomorphic to S /F} < -pj. 

This contradicts to the definition of □ 

Lemma 3.9 (C°-Struct ure of Necks). Same condition as in Theorem VJ.bX 

There is a constant TZ depending on this sequence such that B{pi,TZ~^r])\B{pi,TZri) is 
10~^ -close to Ct^-i,;^ T^j,. (5™"^/F) in -topology, where C'ji-ij^'ji^.-{S'^'~^ /T) is the corre- 
sponding annulus in the flat cone over S"^~^ /T. In other words, there exists a diffeomor- 
phism 

^ : Cn-^v.nrXS'"'^ /^) ^ B{pi,TZ-^j^)\B{p,,TZn) 

such that 

I^*(5.(0))-5eU(x)<10— |xp (11) 

for every x G C-ji-i^jirA^'^''^ /T). 

In particular, the following properties hold when i large. 

• Every neck has isoperimetric constant control 

l{B{pi,TZ-\)\B{pi,TZr,))h{W'-). (12) 

• For every domain C B(j)i,TZ~^rj)\B{pi,TZri), we have 



Areajdn n {Bipi,TZ-^r])\Bipi,TZr,)}) 1 

Avea{dnndB{pi,TZri)) 2' ^ ' 
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For every domainal C B{pi,2TZ ^'q)\B{pi,TZ ^rj) satisfying Yol{Q) < ^c{m)Tl '^rf^^ 
we have 



Area(^^7n{i?(p,,27^-^)\i?(K,7^-l??)}) 1 
where c{m) is the constant defined in Lemma W. 1[ 



Proof. We only need to prove equation (jlip . Actually, by the proof of Theorem 13. 6^ we 
see that for every small number ^, there is a constant TZ such that B{pi,2r)\B{pi,r) is 
^-close to the standard neck C2r,r{S"^~^ /^) in the C^^ J-topology. In other words, there 
is a diffeomorphism 

: C2.,.(5"^-Vr) ^ B{pi,2r)\B{pi,r) 

such that 



9e 



whenever TZri < r < TZ ^rj. Fix ^ << 10 ™, and fix TZ according to this ^. By gluing all 
we obtain a diffeomorphism 'J' 

^ : Cn~^v,nrSS'"~^ /^) ^ B{pi,TZ-'i])\B{p,,TZri) 

and ^ satisfies equation (|lip . This gluing is the same as the gluing Cheeger and Anderson 
did in their neck theorem (c.f. Theoreml.18 of AC[). □ 



After we understand the neck structure, we're going to control the isoperimetric con- 
stant of refined sequence locally. We first set up some lemmas to study how the isoperi- 
metric constants change among the "infinity" and "infinitesimal" orbifold singularities. 

Lemma 3.10 (Isoperimetric Constants' Control among Bubbles of Different 
Depth). Suppose {{Xi, Xi, gi{t)), —1 < t < 1} is a refined sequence, {X,x,g) is the limit 
space of {Xi,Xi,gi{0)). p is a positive number such that dB(x,p) is free of singularities. 

If lim I{By-iQ){xi, p)) = 0, then B{x,p) must contain singularities. Suppose {pa}a=i 

j— +00 

are all singularities in B{x,p), rj is so small such that B{pa,rj) are disjoint to each other 
and U^^iB{pa,ri) C B{x,p). Then we can choose pa,i as the points with largest curvature 
norm in Bg-(Q-^ {Pa,i,'n) ^'^'^ Pa4 ~^ Pa- Accordingly, choose r^^i and TZ such that Lemma \3.9\ 
holds on these scales around every singularity. 

Then we have 



lim I{B jQ){pa,i,TZra,i)) = 0, 

for some a € {1, • ■ ■ , N}. 
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Proof. We'll finish the proof in three steps. 

Stepl. B{x,p) must contain at least one singularity. 

Otherwise, as dB{x,p) doesn't contain any singularity, B{xi,p) converges to B{x,p) 
smoothly. So we have 

= lim p)) = I{B{x, p)) > I{X). (15) 

j— >oo 

However, as X is a K-noncoIlapsed, Ricci-flat orbifold, we have (c.f. Theorem A of NAI ]) 

I(X) > C{k) > 0. 

This contradicts to inequality ()15p ! 

So we can assume B{x,p) contains singularities. Suppose that {pa = lim Pa,i}a=i 

i— ►oo ' 

all the singularities. 

Step2. lim I{B{pa,i, = for some a € {1, • • • ,N}. 

i—>oo ' 

Because lim I{B{xi,p)) = 0, we can choose a sequence of domains C B{xi,p) such 
that 

^ Area((9r2i) 



Claim, lim Vol(ai) = 0. 



Otherwise, by passing to subsequence, we can assume lim Vol(r2j) = A > 0. As volume 
ratio has upper bound, we can choose 6 very small such that B{pa,i,S) are disjoint and 

^ A 
Y,yol{Bip^„6))<-. 

So for large i, we know 

Vol(OAU^=i B(Pa,i,<^))^ Vol(17i), Vol(17AU^=i S(Pa,.,5))^A. 



It follows that 



Area(0{a\U^=i^(Pa,»,^)}) ^ Area(917,) + Area(a^(p»,„ J)) 

Vol(^^A U^^, rJ))"^ " No\(Sl\ U^^i 5))'^ 

Area(9J7j) m-i 2Nmuj{m)6 



m—1 



m— 1 



<2~ -:^-T;rT + 2 



Vol(J^j)— A" 



m—1 
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This yields that 

MX) < I(X\U1. Bip^.S)) < i,„,„f A,ea(a{».\U^ B(p .)}) ^ 

"~ Vol(!!i\u;y., B(p„,i,iS)) — 

for every small 6. It implies that I{X) = which is impossible for a K-noncollapsed, 
Ricci-flat orbifold XI This contradiction shows that we must have lim Vol(Oj) = and 

j— ►oo 

we finish the proof of the Claim. 

Then we continue to show that lim I{B{pa^i,TZ~^ri)) = for some a G {1, ■ ■ ■ ,N}. 
Suppose this statement is wrong, we'll have a small constant l such that 

I{X)>l; I{B{p^,„n'^ri) > l, yi,a. (16) 

As F{^i) — > 0, this forces that Qi intersects both B{pa^i,Tl~^r]) and X\B{pa^i,TZ~^rj) for 
some a. For simplicity of notation, let 5 = lZ~'^rj and define 

A'^^i = Area(50i n 6)), = Area(50A U^=i 5)); 

V^^, = Vol(Oi n 6)), Vr' = Vol(OA U^=i \B{p^,,,5)); 

A^7'='- = Area(9i?(p„,i,(5)nOi). 

According to our choice of r/ and 7?., every B{pa^i,26)\B{pa,i, 6) is very close to an 
annulus in the flat cone over S"^~^/T. So Lemma 13.91 applies and we have 

N 



^out > ^ AveaidQi n {B{p^,i, 26)\B{p^,i,5)}) 

1 ^ 

> —c{m) '^AYea{dnindB{pa,i,6)) 
1 ^ 

= -c(m)^^-f- (17) 

a=l 

The condition lim F{0,i) = implies that 



lim 

i— >oo 



This implies that 
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It follows from inequality (|T6|) that 

Ain I A center a out i \-^N a center 

>^ VaG{l,2,...,iV}; ^ ^^"t,."'^ > ^. 

This yields that 

AT N N 



1 OMt 

a=l a=l a=l 



i 



Consequently, we have 

E-'V /(center Aout i v^A'' 

Combining this with inequality ([17]), we have 

A out I v^^-'^ /l*n 



lim 



> lim 



j^out 



i^oo f^rout 



AT 



1 v--^iV /I center 

> — • c[m) ■ iim 



tn\ 



>^>0. 



This contradicts to equation (|T8l) ! So our assumption is wrong, by passing to a subsequence 
if necessary, there must exist an a G {1, • • • , N} such that 

lim I{B{po,,„n-\))=0. 

i— >oo 

This finishes the proof of step 2. 



Steps, lim I{B{pa,i,TZra,i)) = 0. 

For simplicity, we denote Pi,ri as Pa,i,foi,i- The following argument is similar to the 
argument in step 2, and it is simpler. 

Suppose this statement is wrong, then I{B{pi, TZri)) > A for some fixed positive constant 
A. As lim I{B{pi,n-^r])) = 0, we can choose domains Jlj C B{pi, TZ ^rj) such that 



Vol(0,)" 
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Note that intersects both B{pi,Tlri) and B{pi, TZ ^r])\B{pi,TZri). Otherwise, we have 

Fm = ^'""^^^^^^ > mm{l{B{pi,n-\)\B{p,,nu)),I{B{p,,nr,))} > min{il(M™), A}. 
Vol(^^i)— 2 

This contradicts to our assumption F{^}i) — > 0! Therefore, we can define 

y/" = Yoiifii n B{pi, Tin)), vr' = \om\B{pi, nn)); 

Af = kxQ&(d?Li n 7^r^)), = Area{dni\B{pi, TZn)); 

j^center ^ J^j.^^(^QQ. p dB{pi,nri)). 

Since hm F{Qi) = hm ^ = 0, we have 

i— >oo i^oo (^y^in _|_ \/'put ^ 

/im _j_ A out 

hm ^ . / ,^^-1 = 0. (19) 



J— >oo 



Since both B{pi,Tlri) and B{pi,TZ ^7])\B{pi,TZri) have bounded isoperimetric constants, 
we can find a positive constant l such that 

I{B{pu Un)) > i, I{B{pi,n"\)\B{puTZri)) > l. 

It fohows that 

J^n _j_ j^center j^out _j_ j^center 

* * > / * I > / 

• s "1-1 ' , -^^ m-1 

Consequently we have 

Renter > + {Vr')"^} " ^{^f + A^'}. 

This yields that 

^center -j^ ^ ^^'^ + yj^otit ^ 

hm — — r > - - lim -^^ — r = -i. 



, m— 1 , m — 1 — r\ o ■ , - > m — 1 , ,, m— 1 o 



According to our choice of TZ and 77, rj, the neck part B{pi,TZ ^r]\JZri) is very close to 
the annulus in the flat cone, Lemma 13.91 apphes and we have 



A out ^ ^ A center 



It fohows that 



Jj^n _j_ J^ut Y j^center 

hminf r > - lim H r > -i > 0. 

This contradicts to inequality (fTn|) ! So we finish the proof of step 3. □ 
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Theorem 3.7 (Isoperimetric Constants' Bounds). Suppose {{Xi, gi{t)), —1 < t < 1} 
is a refined sequence. Then for every radius r, there is a small constant Cr such that 
I{Bg^(^Q^{x,r)) > Cr for every i G N and x € X^. 

Proof. Suppose this statement is wrong, then there exists a radius p' > and points 
Xi G Xi such that hm I{B{xi, p')) = 0. Let {X,x,g) be the hmit space of {Xi,Xi, gi{0)). It 

has finite singularities, so we can find p = p' + 5 for a smaU constant 5 such that dB{x, p) 
is free of singular points. Note that l{B{xi, p)) < I{B{xi, p')), so we have 

lim =0. 

i— ►oo 

As dB{x,p) is free of singularities. Lemma [3.101 applies . So there exists a singular point p 
in B{x,p). Furthermore, choose pi, ri, 7] and TZ as in Lemma l3.10( we have 

limI(S(p„7^r,)) = 0. (20) 

i— >oo 

Define gl:^\t) = r~'^ gi{rft) , xf^ = pi, we have weak compactness 

(X.,xr),,«(0))^(X«,x«,,«). 
Recall that the energy of X is defined to be 

£{X) = lim {limsup / \Rm\^ dp,}. 

Similarly, we have 

£{X^^^) = lim {limsup / \Rm\^dp} 

f m 

= lim {limsup / \Rm\^ dp}. 



Clearly, we have 



J £(xm)<£{X), 

where the second equation follows directly from equation (f20|) . Note that x^^^ must be a 
smg ularity if contains singularity. 

Note that every singularity of X^^^ is contained in B{x^^\l). Clearly, dB{x^^\Tl) is 
free of singularities. Combining this fact with the second equation of (I2ip . Lemma 13.101 
applies. There must be a singular point p^^^ inside B{x^^\TZ) satisfying 

limI(i?n)(o.(pS'^7^«r«)) = 0. (22) 

I— >00 Mi 
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where p\^\ rl^\ r]^^\ are chosen as in Lemma 13.101 

Then we define g^\t) = {rf'^)~'^gi{{rf'^)'^t), = p"^^ and have weak compactness 

(X.,xf,,f)(0))^(x(^x(^),,(^)). 

If doesn't have any singularity on 55^(1) 1), then the choice of rj assures 
that 

£-(x(2)) < - |. 

However, if there exist a singularity on dBg[i){x^^\ 1), then x^^^ must be a singularity. So 
X(^) must contain at least two separate singularities. It follows that 

Therefore, on the bubble X'^'^\ we have 

Inductively, for every k, we can define x^^\pf'\rj^^\TZ^^^ and bubble X^'^^. The same 
argument yields that 



hm (xf^7^('=-l))) = 0. 



(23) 



However, this two equations can not hold simultaneously for large k. Because for a large 
k, we must have £{X^^'^) < §• So X^^^ is free of singularities. It follows that 

hm I(S (xf ^7^(^•-l))) = I(i3^(.)(xW,7^('=-l))) > > 0. 

This contradicts to the second equation of (j23p ! □ 



4 Space of Ricci Flows 

In this section, we always assume {{X"^,g{t)), —1 < t < 1} to be a Ricci flow solution on 
a closed manifold X"^. Moreover, it satisfies the following properties. 

1. §ig{t) = —RiCg(^t) + cogit) where cq is a constant satisfying < cq < c. 

2. sup \R\g{t) < 
Xx[-l,l] 

3. ^^^^^ — > K for all X e X,t £ [-1, l],r G (0, 1]. 

4. |i?m|^2(^)d/ig(j) < ^ for alH € [-1, 1]. 

We denote ^{m, c, o", E) as the moduli space of all such Ricci flow solutions. 
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4.1 Basic Properties of the Moduli Spaces 

Lemma 4.1 (Energy Concentration). There is a constant H = H{ni,c,a, k, E) such 
that the following property holds. 

If {{X., g{t)), — 1 < t < 1} € ^{m, c, cr, k, E), under the metric g{0), we have 



/ J \Rm\'^dfi > e 

J B{x,\Rm\^^{x)) 



whenever \Rm\(x) > H. 



Proof. Suppose not, then there is a sequence of Ricci flow solutions {{X^^ , gi{t)), —1 < 
t < 1} and scales i/j — > oo violating the result. In other words, there are points Xi S Xi 
such that 

r rn 

Qi = \Rm\g^(^Q){xi) > Hi, / _i |i?m| 2 (i//g^(o) < e. 

Let gi{t) = QigiiQ^^t), we can extract a refined sequence {{Xi,Xi,gi{t)),—l < t < 1} 
satisfying 

\Rm\g^^0){xi) = 1, / !i?m|-2(Q)d/ig^(o) < e. 

This contradicts to Theorem 13.41 

□ 

Lemma 4.2 (Backward Pseudolocality). There is a small constant S = 5{m, c, cr, k, E) 
such that the following property holds. 

If {{X,g{t)),-l < t < 1} € ^{m,c,a,K,E), p<l, then 

\Rm\g^t){y) < Vy G Bg(^t){x,6p),t G (-5V,0], 

whenever |i2?n|g(o) ^ -^9(0) (^)P)- 

Proof. Suppose not, then there is a sequence of (5j — > and a sequence of such Ricci flow 
solutions {{Xi, gi{t)), — 1 < t < 1} violating this result. So there exists some small geodesic 
balls Bg.(^Q~^{xi, Pi) and points {yi,ti) satisfying the following properties. 

Pi < 1, 

\Rm\g^(o) < Pi"^ inBg^(^o){xi,pi), 

l^^T'lg.iU) > Vi e Bg^^t,){xi,SiPi), ti £ {-6fpf,0]. 

Let g{t) = p~'^5~^gi{pf5it). The spacetime {{Xi,gi{t)), -Pi'^S'^ <t< Pi'^S^^} satisfies 

_ 1 

\Rrn\g^^Q){x) < 6i inBg^^o){xi,6i ^), 

\R'>^\9i(u)iyi) > Vi ^ ^Mu)ixi^^i)' ti G {-Si,o]. 
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In particular, {{Xi,Xi,gi{t)), — 1 < t < 1} is a refined sequence satisfying 

\RnT'\g,{o){x) < 1 in Bg^(^o){xi,l), 

1 

for large i. This contradicts to Theorem 13.21 □ 

Lemma 4.3 (Volume Ratio Bounds). There is a constant -q = r]{m,c,a, n, E) such 
that the following property holds. 

If{{X,g(t)), -1 < t < 1} e ^{m,c,a,K,E), then 



Vol(i3,(0)(x,r)) ^ , , „ 
— <2Lo(m), MxeX, 



whenever < r < i]. 



Proof. Suppose this result is wrong, then there is a sequence of — > and a sequence 
of Ricci flow solutions {{Xi, gi{t)), —1 < t < 1} violating this statement, i.e., there exists 
Xi G Xi such that 

Vol(i?,^(0)(..,r0) ^ 

i 

Let gi{t) = r~'^gi{r'ft), then {{Xi,gi{t)), — 1 < t < 1} is a refined sequence satisfying 

.lim Volg^(o)(%(o)(2;i, 1)) > 2uj{m). 
This contradicts to Theorem 13.51 □ 



Combining Lemma 14.11 14.21 and Lemma 14. 3t we can follow the argument of Lemma 13.71 
to prove the following theorem. 

Theorem 4.1 (Weak Compactness). If {{Xi,Xi, gi{t)), —1 < t < 1} G ^{m,c,a, k, E) 
for every i, by passing to subsequence, we have 

{Xi,Xi,gi{0)) — > {X,x,g) 

for some C^-orbifold X in Cheeger-Gromov sense. If m is odd, then X is a smooth 
manifold. 

Proof. We only need to prove the case when m is odd. It suffices to show an a priori 
Riemannian curvature bound on X, X [-i,0]. If there is no such a bound, by passing 
to subsequence if necessary, we can take a sequence of points {xi,ti) € x [— 1,0] such 
that Qi = \Rm\g.(^f.^{xi) — > oo. Let gi{t) = Qigi{Q~^t + ti), we obtain an odd dimensional 
refined sequence {{Xi,Xi,gi{t)), —1 <t< 1} satisfying \Rm\g^^Q^(xi) = 1. This contradicts 
to Theorem 13.11 □ 
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Every C'^-orbifold is smooth away from singularities, and it is very close to a Euclidean 
cone in C'^-topology around singularities. It's not hard to see that for every C'^-orbifold 
X, there is a C°°-orbifold X which is very close to X in C'^-topology. It follows that their 
isoperimetric constants are comparable. So every C^-orbifold has a bounded isoperimetric 
constant. Then the same argument as in Theorem 13.71 yields the following result. 

Theorem 4.2 (Isoperimetric Constants). There is a constant l = i{m,c,cr,K,E,D) 
such that the following property holds. 

If {{X, g(t)), — 1 < t < 1} G o^(m, c, cj, K, E) and diamg(o) (^) < D, then 

I{X,g{0))>i. 



4.2 Weak Compactness of Kahler Ricci Flow on Fano Surfaces 

Along Kahler Ricci flow on Fano surfaces, diame ter, s calar curvature and energy are all 
uniformly bounded by Perelman's estimates (c.f. SeTl |). Combining this with Perelman's 
no local collapsing theorem, we can find fixed numbers E, a, k, D such that 

{(M,5-(t - s)),-l <t- s<l} £ ^(4, l,a,K,E), diamg(j)(M) < D. 

Theorem 14.21 implies 

Theorem 4.3 (Isoperimetric Constants' Control of 2-dimensional KRF). On 

every Kahler Ricci flow solution {(M^,g(i)),0 < t < oo}, there is a constant t > such 
that 

I{{M,g{t)))> L, Vt>0. 

In particular, we have 

Cs{{M,g{t))) <C, yt>0 

for some constant C > 0. 

Remark 4.1. In Zh^] and \y^] . Zhang and Ye proved that the Sobolev constants are 
uniformly bounded along Kahler Ricci flow. Here we improved their theorem by showing 
that isoperimetric constants are uniformly bounded in the special case n = 2. 

As a corollary of Theorem 14.11 we have 

Theorem 4.4 (Weak Compactness of 2-dimensional KRF). Suppose {{M"^ , g{t)),0 < 
t < oo} is a Kahler Ricci flow on Fano surface M . For every sequence ti — > oo, by passing 
to subsequence if necessary, we have 

{M,gi{t))^{M,g) 

where {M,g) is a Kahler Ricci soliton C°° -orbifold. 
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Proof. The weak compactness is automatic now. So we only need to show that {A4,g) 
satisfies Kahler Ricci soliton equation on smooth part and M is a C°°-orbifold. 

By the monotonicity of Perelman's /x-functional, {M,g) must satisfy Kahler Ricci soli- 



ton equation on the smooth part of M. This has been proved by Natasa Sesum in [Sel | 
under the condition Ricci curvature uniformly bounded. However, the bound of Ricci cur- 
vature is only used to obtain the uniform Sobolev constant there. As the Sobolev constant 
bound is obtained now, that proof applies directly. 

Now we show that M is a C°°-orbifold. Note that the /i-functional minimizer f on M 
satisfies 

RiCg + Vlf-g = 0, (27r)-2 /■ e-^dv = l. 

Jm 

It follows that — / is the normalized Ricci potential of {AI,g). It is the limit of the 
normalized Ricci potentials Ui of {M,g{ti)). However, Uj's C^-norm is uniformly bounded 
by Perelman's estimate. Therefore, / has a uniform C^-norm. In particular, |V/| is 
uniformly bounded. Then we can use Uhlenbeck's removing singularity technique to show 



that every singularity is a C°°-orbifold point. This part was proved in CSl |. □ 



4.3 Weak Compactness of Gradient Shrinking Solitons 

Theorem 14.11 can be used to study the moduli space of gradient shrinking Ricci solitons. 
Define moduli spaces 

OS{m,a, K, E,V) = {{X"^ , g)\{X"^ , g) is a compact orbifold satisfing condition (*)}, 
M.S{m, a, K, E,V) = {{X"^ , g)\{X"^ , g) is a closed manifold satisfing condition (*)}. 

The condition (*) is listed as follows. 

• Ric + VV -g = for some / G C°°(X). 

• R<a. 

• '^""'fnl^''"^^ > K for every x £ X and r G (0, 1). 

/' I I — 

^ \Rm\ 2 dfi < E. 

• Vol(X) < V. 

As an application of Theorem 14.11 and Theorem 14.21 we obtain a weak compactness 
theorem of gradient shinking solitons. 

Theorem 4.5 (Weak Compactness of Gradient Shrinking SoUtons). Under the 
Cheeger-Gromov topology, we have 



1. MS{m, a, K, E, V) C OS{m, a, k, E, V) . 
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2. M.S{m, a, k, E, V) is a compact space when m is odd. 



Proof. The second part is trivial. So we only prove the first part. Since every g can be 
looked as g{0) of a Ricci flow solution 

{{X,g{t)),-l<t<l}, ^ = -RiCg^t)+9{t), 

and scalar curvature of a gradient shrinking soliton is always positive, so Theorem 14.11 
applies and we know that X is at worst a C^-orbifold if X G MS{m, a, k, E,V). Now 
we only need to show that each X satisfies a gradient shrinking soliton equation and it is 
actually a C°°-orbifold. Similar to Theorem [Sj it suffices to develop an a priori C^-norm 
bound of all soliton potential functions / on solitons in AiS{m, a, k, E, V). We'll find this 
estimate in fours steps. 



Stepl. Sobolev constants are uniformly bounded on A4S{m,a,K,E,V) 

Since g{t) is K-noncollapsed on scale 1, Volg(^)(X) < V, it's easy to see that diameters 
must be uniformly bounded from above. Then Theorem 14.21 applies and isoperimetric 
constants are uniformly bounded. In particular, there is a uniform Sobolev constant Cs 
for every soliton in j\4S{m, a, k, E, V). 



Step2. Perelman's fi-functionals are uniformly bounded on A4S{m,a, k,E,V). 
Consider Perelman's /.{-functional on {X,g): 

l^^K9,h= inf „ / {l{R+\Vh\') + h-m}e~\27Tr'^dv. 

Let /i be a constant such that e~^dv = (27r)^, i.e., h = — y log(27r) + logVol(X), 
we have 

fi<lsupR- m(l + I log(2^)) + log Vol(X) 
2 X 2 

<^a-m{l + ^ log(27r)) + log V. 



So ^ is bounded from above. According to an observation of Ecker (c.f. Lemma 8 of CS[), 
we have 

^ > -C(m)(l + log Cs{X, g) + log \) + \ inf R 
> -C7(?n)(logCs + l-log2). 

Therefore, fi is uniformly bounded from below. It follows that is a bounded function on 
MS{m,a,K,E,V). 
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StepS. \f\co{x) are uniformly bounded on M.S{m, a, K, E,V). 

As {X,g) is a gradient shrinking soliton, we know the minimizer of fi is nothing but 
the sohton potential function /. So / satisfies the Euler-Lagrange equation 

^{R + 2Af-\Vf\^) + f-m = fi. (24) 

This together with R + Af — m = imphes 

^(i?+|V/|2) -/ = -/,. (25) 

This tehs us | V/| can be contr olled by /'s value. So for any two points p,q € X, we have 
control (c.f. Proposition 2.4 of |Wel |): 

fiq) < V{p) + dist{p, qf < 2f{p) + diam(X)2. 

Therefore, we have 

sup/ < 2inf/-^ + diam(X)2. (26) 
X ^ 



Since j-^e~^dv = (27r)~ and logVol(X) is uniformly bounded, we see that infxf is 
uniformly bounded from above for all X € MS{m, a, n, E, V). By virtue of equation (I26p 
and the fact that diam(X) is uniformly bounded, we see that supj^ / is uniformly bounded 
from above. Thanks to equation (|25|) . infjf / is uniformly bounded from below. Therefore 
we see that |/lco(x) uniformly bounded for all X E A4S{m, a, k, E, V). 



Step4- |/lci(x) are uniformly bounded on M.S{m, a, K, E,V). 

By equation (I25p and the fact fj,, R and / are all uniformly bounded, we see that | V/| are 
uniformly bounded. It follows that uniformly bounded on MS{m, a, k, E, V). 



Therefore, as {Xi,gi) converges to {X,g), fi converges to /. Moreover, at the smooth 
part of X, we have 

Ricg + V^f - = 0. 

Moreover, f is bounded. Then using Ulenbeck's trick around the singularities of 

C\x) 

X, we see that {X, g) is a C°°-orbifold satisfying gradient shrinking soliton equation. □ 

Remark 4.2. If m = 4, the solit on equation together with Gauss-Bonnett formula will 
imply (c.f. Proposition 2.3 of W^] ) 

[ \Rm\'^dv = 8TT^x{X)+2\o\{X) + l [ {R-R)^dv. 

Jx o Jx 

where R is the average of scalar curvature R. Therefore, the condition of energy bound 
can be replaced by a condition of Euler characteristic number bound in Theorem |^.5|. 



52 



Appendices 



A Estimates of Diameters by Volumes 

Lemma A.l. {X™',g) is a Riemannian manifold satisfying 

B C X is a connected open set and Vol{B) < k. Si, - • • ,Sa are connected components of 
dB. Then 



diam B <^ diam Sk + 3A( )^ 



k=l 

where diamS'fc means the diameter of the manifold {Sk,g\sk)- 

Proof. Choose any two points xi,X2 S B, there are points yi,y2 S dB such that 

(i(xi,yi) = d{xi,dB), d{x2,y2) = d{x2,dB). 
For simphcity, we denote di = d{xi,yi),d2 = d{x2,y2)- The triangle inequahty reads 

d{xi,X2) < d{xi,yi) +d{yi,y2) +d{y2,X2) = di + d2 + d{yi,y2). (27) 

Note that di = d{xi,dB), so B{xi,di) C B. It follows that 

Yol{B{xi,di)) < Vol (5) < K. 
The K-noncollapsing condition forces di < 1. Moreover, it assures that 

Vol(B(xi,di)) 



df 



> K. 



Therefore, 



Similarly, 



Yol{B{x,,di)) 1. VolOB), 
di < ( )™ < ( — - — , 



^ ^ Yol{B{x2,d2)) ^± ^ ^ Vol(i?) . 



Put them into equation ([27j) . we have 



d{xi,X2) <2{^^^^^)^^ +d{yi,y2). (28) 
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So we only need to estimate (i(?/i,?/2)- There are two cases. 2/1,2/2 are in a same 
connected component, yi,y2 are in different components. 

Casel. 1/1,2/2 cLfG in o- same component. 

For simpUcity, we assume 2/1)2/2 S Si. Clearly, ^(2/1,2/2) < diamS'i. It follows from 
inequality (p8]) that 

diamS = d(xi,X2) < 2( ^°^'^^^ )^ +diam5'i < V diam Sk + 6A( ^"^'-^^ ) ^ . 

K ^ — ^ K 

k=l 

So we finish the proof. 

Case2. 2/1,2/2 ore in different components. 
For simplicity, we assume yi £ Si, y2 £ S2. 

Suppose 7 is the shortest geodesic connecting Si and 5*2 among all geodesies in 13. Let 
L be the length of 7. Therefore 7(0) G Si,^{L) G ^2. If L < 2( ^°|,^'^^ )m, we can finish 

the proof by inequality (f28|) directly. So we assume that L > 2{^^^)^. Define 

K 

Ik^mi{t\d{Sk,7it))<D}, 
Ek = snp{t\diSk,7{t)) <D}. 

Clearly, Ii = 0, Ei = D; I2 = L — D,E2 = L. Generally, triangle inequality implies 
Ek-h < 2D + diam(5fc). 

A A 
Since [0, L]\ |^ [Ik, Ek] = [D, L — D]\ [^[Ik, Ek], it has at most A — 1 connected com- 

k=l k=3 

ponents. Moreover, its length is no less than 

L-2D-{2D + diam S3) {2D + diam S'a) 

= L - 2(A - - (diam S3 + ■ ■ ■ diam S'a). 

A 

Suppose T = (a, b) is one connected component of [0, -^^]\ [Ik, Ek]. Consider the geodesic 

k=l 

hall with center 7(^) and radius Clearly, B{-f{^),!^) locates totally inside B. 
By the volume K-noncollapsing condition, we have 



1 



|T|=i,-„<2(Ma)*=o. 

K 

Since every component has length controlled by D, and the number of components is 
controlled by A — 1, we obtain 



L - 2(A - 1)D - (diam 53 + • • - diam S'a) < 



[0,L]\\J[Ik,Ek] 



k=l 



< (A - 1)D. 
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In other words, 

L < 3(A - 1)D + (diamS's + • • • diam^A). 

Consequently, triangle inequality implies 

d{yi,y2) < diam(S'i) + diam(52) + L 

<3{A-1)D + (diam Si + ■ ■ ■ diam Sa). 

Plugging it into inequality ([^5]) yields 

diamB = d{xi,X2) < 2( ^°^^^'' )^ + 3(A - 1)1? + (diam 5i + ••• diam 5a) 

K 

= (3A - 2)L» + (diam + • • • diam 5a) 
<6A(M^)^+ydiam5fc. 

k=l 

So we finish the proof. □ 



B Estimates on Euclidean Annulus 



Lemma B.l. Suppose A{2, 1) = B{o, 2)\B{o, 1) is the standard open annulus in M"*. Let 

c{m) = min{ j — , l{m)} 

^ + 3 Is 

where uj{m) is the volume ofB{o,l), Is is the isoperimetric constant of standard sphere 
dB{o, 1), l{m) is the positive solution of equation "^^i^^^ = ^muj{m). Then the following 
property holds. 

For every domain C A(2, 1) satisfying \ol(Q) < c{m), we have 

Area(9J7 n A{2, 1)) 



Area(9J7 n dB{o, 1)) 



> dm). 



Proof. For simplicity of notation, define Sr — dB{o, r). There is a natural projection map 
vr defined as follows. 

TT : Ai2, 1) I— 5- 5i, X ^ - — 7. 

\x\ 

Clearly, this projection is area decreasing. To be precise, for every hyper surface H^~^ C 
A{2, 1), we have Area(7r(ff)) < kiea,{H). It follows that 

Area(17 n Ss) Area(jl n Si) 



s t 
= |Area(7r(il n Ss)) - Area(7r($7 n St))\ 

< Area(7r(0 n 5,)\7r(0 n St)) + Area(7r(0 n 5t)\7r(0 n Sr)) 

< Ai:ea{dnnA{s,t)) 
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for every 1 < t < s < 2. When t = 1, ft n Si = dU n Si. It follows that 

- AveaidQ n A{s, 1)) + Area(aJ7 n Si) < ^^^^(^ ^ 

s 

< Area(aO n A{s, 1)) + Area((90 n Si). (29) 

Now we'll prove this Lemma by contradiction. Suppose this Lemma is wrong, then 
there is a constant c < c{m) and a domain such that 

Area((90 n A{2, 1)) < c Area(aO n ^i), Vol(f^) < c. 

Put this into inequality ([^U]) . we obtain 

s(l - c) Area((90 n 5i) < Area(0 n 5^) < s(l + c) Area(aO n Si). (30) 

Integrating for s on interval (1,2) gives us 

^(1 - c) Area(aO n Si) < Yol{n) < ^(1 + c) Aiea{dn D Si). (31) 

Together with Vol(r2) < c, the left inequality yields that 

Area(5J^nSi) < 



3(1 -c)- 

Putting this back to the right inequality of ([30]) implies that 



Area(f2 n 5^) < — ^ — —-rs < - Area(5s) = -muj{m)s < mojim). 
3(1 — c) 2 2 

Here we used the condition c < c{m) < l{m), the positive solution of '^^i^^-^ = ^muj{m). 
It follows that 

Length(aO n Ss) > Is ■ Area(J^ n Ss) ^ 



Area(r2 n 5^ 



1 

I 771-1 



> , Area(0 n Ss) 

(■muj{m)) '"-1 

Here we use "Length" to denote the (m — 2)-dimensional Hausdorff measure. If 90 n Sg 
happens to be a hyper surface, then Length((9il Ci Ss) = oo. Integrate on both sides for s 
in (1,2), we obtain 



Area(aOnyl(2,l)) > / Length (Ofi n 5, 

Js=l 



> 1 Vol(17). 

{muj{m)) '"-I 



56 



Combining this with our assumption 
obtain 



Arca{dnnA{2,l)) 
Arca(ann5i) 



< c and left inequahty of (f3T|l . we 




Is 



1 



(ma;(m)) 



It fohows that 



1 



> c(m). 



c > 



1 + - 



2 (maj(m)) 

3 7F" 



m — 1 



This contradicts to our assumption of c! 



□ 



By hfting to covering, we obtain the fohowing property directly. 

Lemma B.2. The conclusion of Lemma W. 1\ still holds if we replace Ai2^ 1) hy C2,i(5'"^~^/r) 
which is a corresponding open annulus in the flat cone over S^~^ /T . Here T is a finite 
group of SO{m — 1). 
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